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Summary
Parametric amplification is obtained by adding parametric excitation to direct (externally
driven) excitation for boosting near-resonant oscillations. It is utilized for mass and force
sensing, switching and signal processing, filtering, timing, signal amplification, and ap-
pears promising for energy harvesting. Using analytical, numerical, and experimental
methods, the thesis focuses on superthreshold pumping (above the systems parametric
instability threshold), nonlinear effects, frequency response backbones, and frequency
detuning effects for parametric amplifiers.
Part one of the thesis covers superthreshold pumping and nonlinear effects. Superthresh-
old pumping produces some useful characteristics. For instance, strong superthreshold
pumping yields a high gain even though nonlinear effects tend to reduce it. In addition, a
narrower excitation phase range is realized for which attenuation occurs. It is demonstrated
that stronger nonlinear effects can cause jumps and bi-stability in the amplitude-phase
characteristics, which in turn enrich the dynamic response of the system.
Part two shows that mixed quadratic and cubic nonlinearities may generate additional
amplitude-frequency solutions, as compared to a system where only cubic nonlinearities
are considered. When these effects cancel out, a significantly increased response is ob-
tained, as compared to the case with pure quadratic or pure cubic nonlinearity.
Part three investigates frequency response backbones. An undamped but parametrically
excited frequency response backbone is proposed instead of the classic unforced and
undamped backbone. With the modified and more general backbone, it is shown how the
response of a superthreshold pumped amplifier is related to respectively the pure directly
and pure parametrically excited response. Benefits of superthreshold parametric pumping,
as compared to pure direct or pure parametric excitation, are given.
The last part examines frequency detuning effects. In addition to being relevant for
most applications in itself, frequency detuning yields some interesting and useful features.
Some of the characteristics of, respectively, a pure directly excited system and a pure
parametrically excited system can simultaneously be utilized or avoided in a frequency
detuned parametric amplifier. Moreover, parts of the amplitude-frequency curves can
collapse, and the frequency separation between the two peaks can be altered. The first
experimental bistable amplified steady-state responses are also reported.
The derived analytical models and experimental setups can readily be extended to inves-
tigate other factors. Some of the results are also applicable to the more general field of
systems subjected to combined parametric and direct excitation.
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Resumé (dansk)
Parametrisk forstærkning kan realiseres ved at tilføje parametrisk eksitation til direkte
eksitation for at booste nær-resonante oscillationer. Parametrisk forstærkning bruges
blandt andet til sensorer og signal forstærkning, og kan potentielt bruges i forbindelse
med energihøstning. Via analytiske, numeriske samt eksperimentelle metoder undersøges
superkritisk pumpning (over systemets parametriske instabilitetsgrænse), ikke-lineære
effekter, frekvens response backbones og effekten af frekvens detuning for parametriske
forstærkere.
Første del af afhandlingen omhandler primært superkritisk pumpning og ikke-lineære
effekter. Med superkritisk pumpning kan man fortsat øge amplituden, selvom ikke-
lineariteter begrænser den. For stærkere ikke-lineariteter vil relationen mellem fasen
(forskydningen mellem den direkte og parametriske eksitation) og amplituden gradvist
blive mere asymmetrisk, og der kan endda forekomme hop og bistabilitet i amplitude-fase
forholdet. Ved selvsamme forhold giver subkritisk pumpning en forøget amplitude i nogle
intervaller, mens den mindskes i andre. Ved superkritisk pumpning reduceres intervallerne
indenfor hvilke amplituden mindskes, hvilket er fordelagtigt for blandt andet energihøstere.
Anden del viser at tilstedeværelsen af både kvadratiske og kubiske ikke-lineariteter kan
generere ekstra amplitude-frekvens løsninger. Specialtilfældet hvor de kvadratiske og
kubiske ikke-lineariteter udligner hinanden undersøges også. Her opnås blandt andet en
forøget amplitude som tilmed er mere følsom overfor ændringer i fasen. Disse ændringer
kan forbedre sensorers egenskaber.
Tredje del undersøger frekvens respons backbones. En analytisk model for en parametrisk
forstærker med kubisk ikke-linearitet er formuleret. Via denne er et udæmpet men
parametrisk eksiteret frekvens respons backbone udledt og foreslået som alternativ til
et klassisk upåvirket og udæmpet frekvens respons backbone. Med denne alternative
formulering vises sammenhængen mellem responset af superkritisk pumpning, ren direkte
eksitation og ren parametrisk eksitation. I relation til dette diskuteres fordele og ulemper
ved superkritisk pumpning.
Sidste del undersøger frekvens detuning effekter. Det er både relevant at undersøge
fordi egenfrekvenserne kan ændres over tid, og fordi forholdet mellem den direkte og
parametriske eksitationsfrekvens kan ændres for eksempel i forbindelse med slitage. Desu-
den viser studiet, at frekvens detuning kvalitativt ændrer responsets karaktér, og at ændrin-
gen kan udnyttes, eller undgås, afhængig af formålet. For eksempel kan henholdsvis de
stabile og ustabile spidser i frekvens responset falde sammen, og deres frekvens separation
kan ændres. Derudover vises det første bistabile respons opnået eksperimentelt.
De analytiske modeller som formuleres i projektet, kan umiddelbart udvides til at studere
andre faktorers indvirkning. Bemærk at en del af resultaterne er så generelle, at de ikke
blot gælder for parametriske forstærkere, men også for systemer påvirket af kombineret
direkte og parametrisk eksitation.
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1 Introduction
I came to my doctoral supervisor one day years ago, to discuss possible topics for my master
thesis project. Among these, he showed me a paper on parametric amplifiers [Rhoads et al.,
2008] which he thought was interesting. He asked me to read it and give my opinion. I read
it and many ideas and questions, came by. Even more so when subsequently modelling it
and realizing parametric amplification in the laboratory. And so, I did my master thesis
project on this topic. Afterwards, my supervisor and I discussed the possibility of me
doing a PhD project. He proposed different topics, but I was most keen on continuing
with studying parametric amplifiers, since there were, and still are, many unanswered
questions related to them. For instance, how does superthreshold pumping affect the
steady-state amplitude-frequency response? How does different nonlinearities affect the
response? Is the response dominated by the direct excitation or the parametric excitation?
How do parametric amplifiers perform when exposed to frequency detuning effects? How
does the excitation phase affect the response when subjected to sub- or superthreshold
pumping? Is the classic frequency response backbone sufficient in describing the response
of a parametric amplifier? This thesis answers these questions, and more.
Parametric amplification is realized when parametric excitation is added to a system,
which is directly excited to boost near-resonant oscillations. Consider a classic playground
swing. If one, in addition to rocking back and forth, also pumps the swing by periodically
shifting the center of mass upwards and downwards, e.g. by extending and/or flexing
the swingers knees as depicted in Fig. 1.1, then parametric amplification is realized.
This motion resembles that of a pendulum where the length is changed periodically.
Since the extensions happen at each extremum point, and the flexing happens at the
equilibrium position, then the excitation happens at twice the frequency of the natural
oscillation. An analogous example where parametric amplification can be utilized is a
Fig. 1.1: Parametric amplification can be realized by rocking back and forth at respectively each
extremum point, while shifting the center of mass upwards at the extremum point and downwards
in the middle, using a playground swing.
1
2 1 Introduction
circuit with a resistor, inductor, and capacitor. Here, the variable reactance parameters
(inductance and/or capacitance) can be varied periodically [Leon, 1959]. When pumping
such a circuit, the capacitance is usually chosen instead of the inductance [Decroly, 1973;
Howson and Smith, 1970], and the change in capacitance is provided electronically by
means of a (typically sinusoidal) changing signal [Reed, 1959]. The last example is a
cantilever beam. By fixing a cantilever beam (e.g. a steel ruler) into a vibration exciter, and
imposing a summation of pure direct excitation and pure parametric excitation, parametric
amplification, or attenuation, can be realized. This depends on the phase between the
direct and parametric excitation, as will be demonstrated shortly. Note that in Chap. 4 a
supplementary description of the phenomenon of parametric amplification is given, which
is a part of this thesis’ contribution.
Nonlinear effects become more pronounced and important to understand, as nano- and
microelectromechanical systems continue to diminish in size. Furthermore, parametric
amplification can also be advantageous for signal amplification [Rugar and Grütter, 1991],
increasing the quality factor [Harish et al., 2009], and appears promising for energy
harvesting [Daqaq and Bode, 2011; Eom et al., 2013]. Thus, there is a basic need to better
understand the phenomenon of parametric amplification. The present study is carried out
within the context of mechanical systems, but parametric amplification is not restricted to
mechanical systems [Mumford, 1960; Cartmell, 1990]. It also appears in electrical [Yurke
et al., 1996], optical [Baumgartner and Byer, 1979], acoustical [Mansfeld et al., 2003] and
thermal [Ono et al., 2005] systems. Specifically, it focuses on macromechanical parametric
amplifiers. Micromechanical parametric amplifiers have received some attention from the
research community, whereas macromechanical parametric amplifiers have received very
little attention. Another reason, and practicality, is that experiments on the macroscale have
been easier to conduct than on the microscale with the available laboratory facilities. On
the macroscale, the experimental setup for realizing parametric amplification is simple: a
beam, vibration exciter, and signal generator are the only things needed. Lastly, the steady-
state vibration amplitude of a beam subjected to macromechanical parametric amplification
can be observed with the naked eye. In fact, many of the effects that are discovered and
treated in this thesis, are due to observing interesting behaviour in the laboratory with the
naked eye. Most of the findings in this thesis are, however, assumed also to hold true for
micromechanical parametric amplifiers.
1.1 State of the art
High gains can be obtained not only on the micromechanical scale, but also on the
macromechanical scale when utilizing parametric amplification. Moreover, parametric
attenuation may, with careful excitation phase selection, facilitate vibration suppression
and thus offer a potential alternative to classic vibration absorbers, which typically require
the implementation of additional hardware [Rhoads et al., 2008]. Nonlinear parametric
amplification can be utilized above the instability threshold. Doing so results in a bistable
parametrically amplified response, and an asymmetric relationship between the excitation
phase and parametric amplifier gain [Rhoads and Shaw, 2010; Kumar et al., 2011]. One
can also increase, decrease, or cancel out nonlinear effects, or switch between softening
and hardening effects, utilizing nonlinear feedback in a parametric amplifier [Nichol
et al., 2009]. It is demonstrated that an optimal tilt angle exists between the imposed
base-excitation and a piezoelectric bimorph beam resonator [Daqaq and Bode, 2011].
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The influence of varying the tilt angle on the resulting amplitude for various damping
coefficients, nonlinear curvature and inertia has also been examined when subject to pure
direct excitation or pure parametric excitation. In the case of pure direct excitation, it
was found that increasing the tilt angle (i.e. the pure direct excitation becomes more
dominant) reduces the amplitude and thus the performance of the damping, nonlinear
curvature and inertia in the system [Yaman and Sen, 2007]. The resonant frequency of
the first vibration mode can change by parametrically amplifying the second vibration
mode and v.v. utilizing nonlinear coupling (i.e. modal interaction). Specifically, a
stiffening effect has been shown which is caused by an increased tension of the (doubly
clamped) beam, and the frequency change is proportional to the pump frequency [Westra
et al., 2011]. Parametric amplification has also been applied to the design of Coriolis
flowmeters, e.g. microscale gyroscopes [Baker, 1994; Hu et al., 2013]. The Coriolis
gyroscope, which can function as a rate sensor, requires at least two degrees of freedom.
In its most straightforward application, the Coriolis force generated by external rotation
couples two perpendicular modes, one for drive and the other for sensing. Ideally, in order
to achieve full amplification the two modes are tuned to the same resonance frequency
[Rhoads et al., 2010a]. Recently, self-induced parametric amplification was demonstrated
using a micromechanical resonating disk gyroscope [Nitzan et al., 2015]. A parametric
amplifier is proposed whose bandwidth is tuneable to nearly any input frequency, i.e.
not restricted to be an integer multiple of a natural frequency [Dolev and Bucher, 2016].
Compared to traditional types of parametrically excited microelectromechanical systems,
a parametrically amplified comb drive oscillator is better at suppressing nonlinearity and
can achieve higher amplitudes of oscillation [Khirallah, 2013]. Parametric amplification
can produce a frequency response with increased quality factor of resonances. Thus, it
is possible to improve the measurement of resonance locations in swept devices such as
those that operate on resonance shifting, e.g. chemical mass sensors [Miller and Shaw,
2012; Yie et al., 2012].
1.2 Overview of this thesis, appended papers, and
their contributions
The main contributions of this thesis are the appended nine papers. They treat various
topics within parametric amplification: superthreshold pumping, effects of nonlinearities,
frequency response backbones and frequency detuning effects. Only a few existing papers
treat superthreshold pumping, e.g. [Rhoads et al., 2008; Rhoads and Shaw, 2010]. It is
a key topic in this dissertation, and a topic which is treated in all appended papers. The
remaining topics, which are treated separately in the appended journal papers, constitute
the structure of the thesis. I have chosen to present the various topics in a sequential
manner. This creates a good flow, and shows the obstacles and challenges that I have met
during the studies. Furthermore it illustrates how the various ideas for the presented studies
came by. The individual topics and studies are not part of a grand plan, but have to a large
degree been motivated by my observations in the laboratory; effects that either surprised
me, or inspired what if questions – typically while doing other studies. One paper only
contains experimentally obtained results. A few papers only contain theoretically obtained
results, but most papers have both theoretical and experimental results. The four appended
conference proceedings are either preliminary work or supplements the key findings which
4 1 Introduction
have been reported in the journal papers, and are referred to as needed.
Chapter 2 represents the initial studies on parametric amplifiers, and covers the findings
in [P1]-[P5]. It investigates theoretically and experimentally superthreshold pumping and
nonlinear effects. The theoretical part is conducted by deriving approximate analytical
steady-state vibration amplitudes using the method of multiple scales. The experimental
part is conducted using either a cantilever beam or a doubly clamped beam, a signal
generator, sensors, and a vibration exciter. As for results, the existence of an optimal gain
is demonstrated. The beam slenderness ratio is shown to be an effective design parameter
for parametric amplifiers, and jumps and bi-stability in the phase-gain characteristics are
demonstrated.
Chapter 3 studies theoretically the performance of a parametric amplifier with perfect
tuning (two-to-one ratio between the parametric and direct excitation frequencies) and
mixed quadratic and cubic nonlinearities [P6]. A forced Duffing-Mathieu equation with
appended quadratic nonlinearity is considered as the model system. Steady-state solutions
and corresponding stabilities are obtained by the method of varying amplitudes (MVA).
Chapter 4 examines theoretically frequency backbones of parametric amplifiers [P7].
This was done to establish a better understanding of the relationship between the response
of superthreshold pumping, pure direct excitation, and pure parametric excitation. Using
the MVA, it introduces a formulation of an undamped and directly unforced but parametri-
cally forced response, which is more general than for the classic undamped and unforced
backbone. It shows that for superthreshold pumping, the response can depend on the phase
between the direct and parametric excitation. The paper also addresses some benefits of
superthreshold parametric pumping for sensors and energy harvestors, as compared to pure
direct or pure parametric excitation.
Chapter 5 investigates theoretically and experimentally frequency detuning effects since
parametric amplifiers may experience fluctuations of both the two-to-one frequency ra-
tio between the parametric and the direct excitation, and between the direct excitation
frequency and the systems natural frequency [P8]-[P9]. These effects are investigated
theoretically using the MVA and a Duffing-Mathieu equation as the model system, and
investigated experimentally using a cantilever beam as the model object.
Chapter 6 concludes the study and proposes ideas for future research.
In this thesis pumping refers to combined direct and parametric excitation. Superthresh-
old refers to above parametric instability which is associated with the Arnold tongue.
Thus, there is a difference between superthreshold pumping and superthreshold parametric
excitation.
2 Superthreshold pumping and
nonlinear effects [P1]-[P5]
My studies on parametric amplification started out in the laboratory using a steel ruler, a
vibration exciter, and a signal generator. It did not take long to realize, with the equipment
and setup which were used, that even on the macroscale, nonlinear effects (e.g. nonlinear
curvature) can be significant. Thus, the cubic nonlinearity was included in the initial studies
of relating mathematical models. This inclusion also makes the relating mathematical
models more relevant for nano- and microelectromechanical systems, because nonlinear
effects becomes comparably more important with decreasing scales [Roukes, 2000]. Papers
[P1]-[P5] reflect the initial studies of parametric amplifiers.
2.1 Model system [P1]-[P3]
A base-excited cantilever beam is considered as a representative model system. Fig. 2.1
presents the model system, and Fig. 2.2 shows the test rig with the cantilever steel beam,
vibration exciter, custom made fixture, and measurement sensors. The combined scenario
of direct and parametric excitation is realized by tilting the cantilever beam with respect
to the line of excitation x. The tilt angles α = 0 and α = ±pi
2
produce pure external and
parametric excitation, respectively. The imposed base motion xˆb, with transverse and axial
components vˆb and uˆb, are provided by a vibration exciter. A non-dimensional third-order
nonlinear equation of motion for the first transverse vibration mode of a cantilever beam,
subjected to parametric and direct excitation at the base with perfect tuning (i.e. 2:1 ratio
of parametric and direct excitation frequencies, also referred to as a degenerate case), can
be written [Kumar et al., 2011]:
z¨ + 2εζz˙ + z + εΩ2 (λAˆ cos (Ωτ + φ) + λBˆ cos (2Ωτ)) z + ενz
3
+ εκ
(
z¨z2 + z˙2z
)
+ ε2Ω2 (γAˆ cos (Ωτ + φ) + γBˆ cos (2Ωτ)) z
3
= εΩ2 (ηAˆ cos (Ωτ + φ) + ηBˆ cos (2Ωτ)) , (2.1)
where ε bookmark terms assumed to be small, and the difference from [Kumar et al.,
2011] being that the present work considers the terms with γAˆ and γBˆ to be of the order
O(ε2) and not O(ε) since both the excitation and the nonlinearities are assumed to be
small and therefore omitted subsequently. Gravity is also ignored; as can be justified by
e.g. positioning the beam axis horizontally. In (2.1), z¨ represents the transverse inertia
(axial inertia is considered negligible in comparison), ζz˙ is a dissipative force, (. . .)z
and (. . .)z3 are, respectively, linear and nonlinear elastic restoring forces, κ (z¨z2 + z˙2z)
is nonlinear inertia, ζ the damping ratio, Ω and τ the dimensionless excitation frequency
and time, respectively, φ the excitation phase (onwards denoted phase) between direct
and parametric excitation, ˙(x) denotes temporal derivatives, and ηAˆ, ηBˆ, λAˆ, and λBˆ are
5
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parameters defined in Table 2.1, where Aˆ is the direct excitation amplitude, Bˆ the pump
amplitude, ρA is beam mass per unit length, EI is bending stifness, l is length of the beam,
sˆ = s/l, where s is the arc length, and Φ = Φ(sˆ) is the fundamental mode shape for a
cantilever beam.
2.2 Results
2.2.1 Steady-state model response
Using the method of multiple scales [Nayfeh and Mook, 1972], we derive steady-state
responses:
a = 1
2
Ω2ηAˆ
√
c21 + c
2
2∣∣∣(Ω− 1− %a2)2 − (14Ω2λBˆ)2 + ζ2∣∣∣ , (2.2)
ψ = arctan
( 1
4
Ω2λBˆ sin (2φ)− ζ
1
4
Ω2λBˆ cos (2φ) + Ω− 1− %a2
)
− φ, (2.3)
where
c1 = Ω− 1 + 14Ω2λBˆ cos (2φ)− %a2,
c2 = ζ − 14Ω2λBˆ sin (2φ) ,
% = 1
8
(3ν − 2κ) . (2.4)
For the linear system (% = 0) the stationary amplitude a is given directly by (2.2). With
elastic and inertia nonlinearities included (% 6= 0) (2.2) is a cubic polynomial in a2 to be
solved for a. Zeroing the forcing and damping terms in (2.2), i.e. ηAˆ = λBˆ = ζ = 0,
yields the backbone curve, which describes the relation:
a =
√
Ω− 1
%
, (2.5)
which bends towards higher (lower) frequencies for ρ > 0 (< 0).
x
y
uv
α
ub
vb
xb
Fig. 2.1: Base-excited tilted cantilever beam. Reference coordinates x and y. Imposed base motion
xˆb with components vˆb and uˆb, and tilt angle α.
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Table 2.1: Nondimensional parameters for (5.1).
ηAˆ = Aˆξ cosα, ηBˆ = 4Bˆξ cosα, ξ =
∫ 1
0
Φdsˆ,
Φ (sˆ) = cosh (Γsˆ)− cos (Γsˆ)− cosh Γ+cos Γ
sinh Γ+sin Γ
(sinh (Γsˆ)− sin (Γsˆ)),∫ 1
0
Φ2dsˆ = 1, τ = ω t√
ρAl4
EI
, ω2 =
∫ 1
0
(Φ′′)2 dsˆ,
ν = ω−2
∫ 1
0
(
Φ (Φ′′)3 + 4ΦΦ′Φ′′Φ′′′ + Φ (Φ′)2 Φ′′′′
)
dsˆ,
λAˆ = Aˆµ sinα, λBˆ = 4Bˆµ sinα,
µ =
∫ 1
0
(
ΦΦ′′ (sˆ− 1) + ΦΦ′
)
dsˆ
κ =
∫ 1
0
(
ΦΦ′′
∫ sˆ
1
∫ sˆ
0
(Φ′)2 dsˆdsˆ+ ΦΦ′
∫ sˆ
0
(Φ′)2 dsˆ
)
dsˆ,
(a)
(a)
(b)
Fig. 2.2: (a) cantilever beam with vibration exciter (b) fixture, accelerometer (acc), displacement
sensor (ds) and strain gauges (sg).
2.2.2 Optimal values of excitation parameters
The gain in terms of stationary vibration amplitude can in general be defined as:
GΛ ≡ a (Λ)
a (Λ0)
, (2.6)
where Λ represents the gain parameter of interest, and Λ = Λ0 is a reference value of that
parameter corresponding to unit gain. In the following the tilt angle α is considered as the
gain parameter of interest, i.e.:
Gα =
a(α)
a(α0)
, (2.7)
with α0 = 0 being the reference (i.e. no parametric excitation component). With (2.2)
linearized for a2  1, and considering the perfectly tuned case (Ω = 1):
G2α =
[1 + (c3 sinα− 2 sin 2φ) c3 sinα] cos2 α(
1− c23 sin2 α
)2 , c3 = ζ
µBˆ
, (2.8)
which attains maximum and minimum, respectively, for φ = φmax = −pi4 + npi and
φ = φmin =
pi
4
+ npi, n = ±1,±2, ... Throughout this work we let the optimum phase
8 2 Superthreshold pumping and nonlinear effects [P1]-[P5]
φopt = φmax = −pi4 .
Direct numerical integration of (2.1) indicates the presence of an optimal tilt angle α
(Fig. 2.3). Solving ∂Gα/∂α = 0 with respect to α yields the gain maximizing tilt angles:
αopt =
pi
2
− arctan
(√
1
c23
− 1
)
, 0 < c3 < 1, (2.9)
and αopt = pi2 . The latter solution is omitted because it represents the case of pure parametric
excitation. The optimal gain is obtained from (2.8) with (2.9) and φ = φopt inserted:
Gα,opt =
1√
1− c23
. (2.10)
Figure 2.3 depicts results of (2.8) along with a numerical solution of (2.1), the optimal tilt
angle (2.9), and the optimal gain (2.10) as a function of the tilt angle and pump amplitude.
The optimal tilt angle (2.9) corresponds to the maxima of each curve. The amplitude, and
thus the gain, approaches zero when exposed to pure subthreshold parametric excitation
(α = pi
2
) as expected. It appears that larger Bˆ increases Gα but also αopt. It is not shown
here for brevity, but reducing the damping ratio ζ also increasesGα and αopt, indicating that
ζ, as Bˆ and α, is important when finding an optimal mix between excitation parameters.
The apparent minor offset between the numerical and theoretical prediction of Gα at
α ≈ [0, pi
4
] might be because the numerical solution considers all the contributions from the
double frequency excitation, due to the resonant cases Ω ≈ {1
2
, 2
}
, while the theoretical
prediction only considers Ω ≈ 1.
2.2.3 Superthreshold pumping
The instability threshold that subthreshold- and superthreshold pumping refers to corre-
sponds to primary parametric instability of the zero solution of the linearized equation
of motion, in this case (2.1), subjected only to pure parametric excitation, i.e. Aˆ = 0,
α = pi/2. Then, (2.1) is a damped Mathieu equation for which, to first order of ap-
proximation, the primary instability threshold is given by Nayfeh and Mook [1972]
λBˆ = 2
√
(Ω−2 − 1)2 + (2ζ/Ω)2 = 4ζ for Ω = 1.
Figure 2.4 shows the gain as a function of phase and direct excitation detuning. Figures
2.4(a-h) show gain as a function of phase and direct excitation detuning, while main-
taining a strict 2:1 frequency ratio between the parametric and direct excitation. Figures
2.4(b,d,f,h) are contour plots of figs. 2.4(a,c,e,g), respectively. The pump values cho-
sen for figs. 2.4(a,c,e,g) represent four qualitatively different states; an unpumped state
(Bˆ ≈ 0), a subcritical pumped state (Bˆ < Bˆcritical), a critical pumped state (Bˆ ≈ Bˆcritical),
and a supercritical pumped state (Bˆ > Bˆcritical), respectively. The u-shaped curve in be-
tween the outer curves in fig. 2.4(g) is unstable, whereas the others are stable. Stability
has been checked both analytically and numerically. In the supercritical pumped state a
bistable amplified response is observed, i.e. two distinct amplitude-frequency responses
[Rhoads and Shaw, 2010; Neumeyer and Thomsen, 2013]. For larger values of pumping
the regions with attenuation appears to increase, as does the gain in terms of size. This is
especially pronounced in the supercritical domain. The results are based on the linear case
(ρ = 0), since including third-order nonlinearity makes the interpretation of the effects of
simultaneous excitation detuning and phase on the gain less clear. A noteworthy effect
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Fig. 2.3: Gain as a function of tilt angle according to (2.8) for various pump amplitudes ( ,
, ), optimal gain (2.10) where α = −αopt ( ), numerical results of (2.1) (◦, , 4), and
optimal tilt angle (2.9) (N, J, I) of various data sets (ζ = 0.1, Aˆ = 0.03, φ = φopt, κ = ν = 0).
of nonlinearity is that it bounds the otherwise infinite vibration amplitude and thus the
gain beyond the instability threshold, i.e. in parametric resonance [Rhoads and Shaw,
2010; Neumeyer and Thomsen, 2012]. The largest gain is realized in the darker regions,
whereas attenuation occur in the lighter regions (i.e when gain is below unity). The results
show that the gain is dependent on the phase and excitation detuning. By simultaneously
considering both the optimal phase and excitation detuning, it is found that the gain is
maximal in regions which differ from the ones obtained assuming zero excitation detuning,
as shown in earlier works, e.g. [Rhoads et al., 2008; Daqaq and Bode, 2011; Neumeyer and
Thomsen, 2012]. These darker regions, where the largest gain can be harvested, appears
to deviate from zero excitation detuning and φopt = −pi4 + npi where n = 1, 2, ... and
increasing Bˆ, as indicated in figs. 2.4(a-h); Increasing the pumping makes the darker
regions change shape from an ellipse, with its major axis more or less vertical, towards
a circle, and back towards an elliptic shape, but this time with its major axis horizontal,
and for supracritical (Bˆ  Bˆcritical) pumping the shape becomes a straight line (not shown
here). This means that the gain is more sensitive to changes in phase for smaller amounts
of pumping, whereas the dependence on the excitation detuning becomes more pronounced
for larger values of pumping. In addition, this change in sensitiveness towards the phase
and excitation detuning appears to increase with pumping.
Figure 2.5 shows the gain as a function of phase. Subthreshold pumping at the onset of
parametric resonance is shown for reference. The gain appears, respectively, symmetric
and asymmetric as a function of phase at the onset of parametric resonance and slightly
above the instability threshold. Similar theoretical findings were reported in [Rhoads and
Shaw, 2010]. The larger amplitude appears to produce a larger gain over a larger range
of phase, thus potentially increasing the applicability range of parametric amplification.
Pumping with a value of Bˆ just below the instability threshold, yielded the curve with
square symbols. An increase in pumping amplitude increased the gain as expected theo-
retically (2.6). Parametric attenuation, i.e. a gain below unity, becomes more challenging
to exploit for superthreshold pumping because the optimum phase changes, the phase
range causing significant attenuation becomes smaller, and the sensitivity as a function of
changes in phase increases. It also appears that parametric attenuation is difficult to realize
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Fig. 2.4: Gain as a function of phase and direct excitation detuning (a,b) Bˆ = 0.001; (c,d) Bˆ =
0.06; (e,f) Bˆ = 0.08 and; (g,h) Bˆ = 0.11 using (2.12) and G ≡ aBˆ>0/aBˆ=0. Aˆ = 0.03, ζ = 0.1,
α = −pi4 .
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Fig. 2.5: Experimentally observed gain GBˆ as a function of phase φ for pump amplitudes at the
onset of parametric resonance (); slightly above (◦), and well above (×) the instability threshold.
Tilt angle α = pi4 .
for very strong pumping, which was also shown theoretically in figs. 2.4(g,h).
The experiment confirms that the perfectly tuned case is phase sensitive for subcritical
pumping, that the optimum phase can change and that both parametric amplification and
attenuation are possible since the obtained gain was both above and below unity [Rhoads
et al., 2008; Kumar et al., 2011], but it also shows that these observations apparently hold
for supercritical pumping as well. For larger superthreshold pumping, it seems that the
phase dependency gradually disappears. Superthreshold pumping makes it possible to
increase the gain further, thus partly overcoming the nonlinear effects which reduce the
vibration amplitudes.
2.2.4 Parametric amplification of the first and second
vibration modes
Figure 2.6 shows gain as a function of excitation detuning for the first (fig. 2.6(a)) and
second (fig. 2.6(b)) vibration mode. Gains larger than unity are experimentally realizable
for both the first and second vibration modes. In both cases the gain reached its maximum
slightly away from perfect tuning, and higher gains were possible for negative excitation
detuning than for their positive counterparts. The gains are not comparable since the
closeness of the pumping to the instability threshold for each vibration mode may be
different, and can therefore change the resulting gains significantly.
To the authors knowledge, realization of parametric amplification of the second vibration
mode has not been reported at the macroscale. This realization depends on the balance
and magnitude scale of the forcing terms. The frequency equation for the second vibration
mode is similar in structure to the frequency equation for the first vibration mode, which
can be found from the modulation equations [P3], and has thus been omitted for brevity; it
can be similarly solved for the amplitude of that mode.
The gain, as defined in (2.6), is a measure of the change in vibration amplitude due to
parametric pumping. This approach does not consider the energy input and output. Since
the gains are obtained at different frequencies, the aforementioned results only state that
parametric amplification is possible, not whether it in terms of gain is better to invoke the
first or second vibration mode.
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Fig. 2.6: Experimentally observed gain as a function of excitation detuning for (a) the first and (b)
the second vibration mode. Tilt angle α = pi4 .
2.3 Model system [P4]
A base-excited doubly clamped beam is considered as a representative model system. We
assume that nonlinearities are weak, the beam is slender and elastic, shear deformations,
longitudinal and rotatory inertia and gravity can be neglected, and that cross section
rotations and damping are small. Parametric amplification is obtained by tilting the
doubly clamped beam with respect to the line of excitation x as shown in Fig. 2.7(b);
this arrangement was recently realized in experimental laboratory setups for investigating
macromechanical parametric amplification for cantilever beams (Fig. 2.7(a), [Rhoads et al.,
2008; Neumeyer and Thomsen, 2012, 2016]). The imposed base motion xb, with axial
and transverse components ub and vb, is provided by a vibration exciter, and the tilt angle
α relates the beam axis to the line of excitation. Using Hamiltons extended principle a
nonlinear partial differential equation can be derived which governs the longitudinal u(s, t)
and transverse v(s, t) beam displacements. Rewriting the system as a nondimensional
system by introducing appropriate nondimensional variables, and assuming a single-mode
approximation, an ordinary differential equation for the case of perfect external and
x
y
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vb
xb
(a)
x
y
uv
α
ub
vb
xb
(b)
Fig. 2.7: Base-excited tilted: (a) cantilever beam; (b) doubly clamped beam. Inertial reference
coordinates x and y. Imposed base motion with displacement components uˆb and vˆb, at tilt angle
α. Longitudinal uˆ(s, t) and transverse vˆ(s, t) beam displacements.
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parametric tuning is obtained:
w¨ + 2εζw˙ +
(
1 + εβ1Ω
2 cos (Ωτ + φ) + εβ2Ω
2 cos (2Ωτ)
)
w + εκ4w
3
= εη1Ω
2 cos (Ωτ + φ) + εη2Ω
2 cos (2Ωτ) , (2.11)
where ε bookmark terms assumed to be small, w¨ represents the transverse inertia (axial
inertia is considered negligible in comparison), ζw˙ is a dissipative force, (. . .)w and
(. . .)w3 are, respectively, linear and nonlinear elastic restoring forces, ζ the damping ratio,
Ω and τ the dimensionless excitation frequency and time, respectively, φ the excitation
phase between direct and parametric excitation, ˙(x) denotes temporal derivatives, and β1,
β2, κ4, η1 and η2 are defined in Table 2.2, where Aˆ is the direct excitation amplitude, Bˆ the
pump amplitude, l is beam length, sˆ = s/l, where s is the arc length, Γ is the lowest root
of the linear frequency equation for a doubly clamped beam (cosχ coshχ = 1, χ ≈ 4.73),
and Φ = Φ(sˆ) is the corresponding fundamental mode shape.
2.4 Results
2.4.1 Steady-state model response
Using the method of multiple scales [Nayfeh and Mook, 1972], we introduce a uniformly
valid expansion w(t) = w0(T0, T1) + εw1(T0, T1) + O(ε2), where the fast time T0 ≡ t
and the slow time T1 ≡ εt are considered independent, and ε  1. Considering the
case of combined direct and parametric primary resonance, i.e. Ω = 1 + εσ, where σ
quantifies the detuning from the fundamental unperturbed natural frequency, and following
the standard procedure, steady-state values of the modal amplitude a and phase ψ as
solutions of nonlinear algebraic equations (cf. [P5] for details) are obtained:
a =
1
2
Ω2η1
√(
ζ − 1
4
Ω2β2 sin (2φ)
)2
+
(
Ω− 1 + 1
4
Ω2β2 cos (2φ)− 38κ4a2
)2∣∣∣ζ2 − (14Ω2β2)2 + (Ω− 1− 38κ4a2)2∣∣∣ , (2.12)
ψ = arctan
( 1
4
Ω2β2 sin (2φ)− ζ
1
4
Ω2β2 cos (2φ) + Ω− 1− 38κ4a2
)
− φ. (2.13)
Similar expressions for the amplitude and phase has been derived for a cantilever beam
[Neumeyer and Thomsen, 2016], using the lumped-mass model derived by Kumar et al. in
[Kumar et al., 2011]. The only difference, as compared to the doubly clamped beam, is in
the mode shape functions and the definition on cubic nonlinearities.
Table 2.2: Nondimensional parameters.
εη1 = Aˆ cos (α)
∫ 1
0
Φdsˆ, εη2 = 4Bˆ cos (α)
∫ 1
0
Φdsˆ
εβ1 = Aˆ sin (α)
∫ 1
0
Φ′′Φ (sˆ− 1) dsˆ, εβ2 = 4Bˆ sin (α)
∫ 1
0
Φ′′Φ (sˆ− 1) dsˆ
εω2κ4 = −12λ2
∫ 1
0
Φ′′Φdsˆ
∫ 1
0
(Φ′)2 dsˆ, ω2 =
∫ 1
0
Φ′′′′Φdsˆ,
∫ 1
0
Φ2dsˆ = 1
Ω = ωˆ/ω, εζ = cˆ/2ω, τ = ωtˆ, ˙(i) = d(i)/dτ
Φ = cosh (χsˆ)− cos (χsˆ)− coshχ−cosχ
sinhχ−sinχ (sinh (χsˆ)− sin (χsˆ))
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2.4.2 Effective design parameter
The frequency responses for displacements are as shown in figs. 2.8(a,b). Approximate
analytical and numerical results are seen to agree well for both the cantilever beam and
doubly clamped beam. Results for the cantilever and doubly clamped beam are plotted
separately, to emphasize that their responses are for different resonant frequencies, and
still not directly comparable. However, some qualitative conclusions can be made: The
nonlinear effects of the cantilever beam are negligible at small displacements (here below
5% of the beam length), i.e. the backbone is practically vertical (Fig. 2.8(a)), whereas
midplane stretching effectively reduces the vibration amplitude, and significantly increases
the resonant bandwidth, including overhang, of the doubly clamped beam (Fig. 2.8(b)).
The effect of nonlinearity on the cantilever beam response, for larger displacements, is
shown in the insert in Fig. 2.8(a). For these small displacements, the cantilever beam
response is unaffected by a change in slenderness ratio, but for the doubly clamped beam,
the vibration amplitude and the resonant bandwidth changes. The beam slenderness ratio
is thereby an effective way of adapting the response of parametric amplifiers for different
resonant characteristics.
In the perfectly tuned case, i.e. a 2:1 relationship between the parametric and direct
excitation, an excitation phase dependency exists, as illustrated in figs. 2.9(a,b). From
Fig. 2.9(a) it appears that the nonlinear and linearized cases are almost identical. This is
expected since the cantilever beam operates in its linear range as noted above. A minimum
and maximum is observed at pi/4 and −pi/4, respectively, repeating with period pi. For
the linearized case, these predictions have been identified previously [Rhoads et al., 2008].
A symmetrical relationship is observed between the displacement and phase, centered at
the maximum or minimum. For the doubly clamped beam, however, Fig. 2.9(b) indicates
that an asymmetrical relationship exists between the displacement and phase, and that it is
adjustable through the beam slenderness ratio. Increasing the slenderness ratio appears
to reduce the transverse displacement at the beams midpoint; reflecting that more slender
doubly clamped beams have their resonance frequency shifted further away from Ω = 1,
cf. Fig. 2.9(b).
To calculate the gain, it is not needed to consider varying frequency content and beam
positions as done previously; these effects cancel each other out. We use the definition of
the gain: G ≡ apumped/aunpumped, as proposed in [Rugar and Grütter, 1991], i.e. gain is the
ratio of steady-state vibration amplitude of the directly and parametrically excited system,
to vibration amplitude of the directly excited only system. Increasing the direct excitation
only has no effect on the gain, and zero pumping yields a gain of unity. For a cantilever
beam it means that the gain can only be adjusted through the parametric excitation, see
Fig. 2.10(a). For a doubly clamped beam, however, the gain can be adjusted via the beam
slenderness ratio — not only with respect to the magnitude of the gain, but also in terms of
sensitivity towards changes in phase, as seen in Fig. 2.10(b). This may be advantageous
for e.g. sensors, since the response curves can easily be adjusted.
2.5 Model system [P5]
It has previously been shown that nonlinear effects can reduce the steady-state vibration
amplitude of a parametric amplifier [Rhoads et al., 2008; Kumar et al., 2011], [P1]-[P3].
As with [P4], the present study is motivated by how the response will behave with the
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Fig. 2.8: Steady-state vibration displacement vˆrmsmax(sˆ) as a function of excitation frequency Ω,
obtained by perturbation analysis (lines) and by direct numerical integration (×) (of (2.11) for
(b) and the similar equation in [Neumeyer and Thomsen, 2016] for (a)): (a) cantilever beam,
sˆ = 1; (b) doubly clamped beam, direct numerical integration (×) of , sˆ = 1/2. Beam slenderness
ratio: λ = 22 ( ), λ = 31 ( ), and λ = 37 ( ). For (a) and (b): backbone ( ),
Aˆ = 0.0058, Bˆ = 0, ζ = 0.05, φ = −pi/4, α = pi/4.
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Fig. 2.9: Steady-state vibration displacement vˆrmsmax(sˆ) as a function of phase φ, obtained by per-
turbation analysis for: (a) cantilever beam. Nonlinear ( ) and linearized ( ); (b) doubly
clamped beam. For (a) and (b): Bˆ = 0.004, Ω = 1; other parameters as for Fig. 2.8.
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Fig. 2.10: Gain as a function of phase φ, obtained by perturbation analysis for: (a) cantilever beam;
(b) doubly clamped beam. For (a) and (b): Ω = 1, Bˆ = 0.004 except Bˆ = 0 ( ); other
parameters as for Fig. 2.8.
presence of stronger nonlinear effects. To this end a doubly clamped beam is considered,
since the strength of the cubic nonlinearity can easily be adjusted through the midplane
stretching. This is opposed to the strength of the cubic nonlinearity for a cantilever beam,
which is dependent on the deflection of the beam. In the former case [P4] the study was
theoretical. Here, the same issue is addressed experimentally. The experimental setup used
for [P1]-[P3] is slightly modified in [P5]; a new fixture between the beam and the vibration
exciter was designed to mount a doubly clamped beam, and to facilitate prestretching.
Parametric amplification can experimentally be realized by e.g. applying a base-
excitation, xb = C1 sin (Ωτ + φ) + C2 sin (2Ωτ) with individual amplitudes C1 and C2,
and a phase φ, to a tilted beam, i.e. with respect to the line of base-excitation xb as
depicted in Fig. 2.11(a). The tilt angles α = 0 and α = ±pi/2 produce pure external
and parametric excitation, respectively. A tilt angle different from these values makes
parametric amplification possible.
2.6 Results
2.6.1 Jumps and bi-stability
For an exact two-to-one ratio between the subthreshold parametric pumping and external
excitation frequency, also refered to as a degenerate case, and four different levels of
prestretching, results as shown in figs. 2.12(a-d) were obtained. In the first case, Fig.
2.12(a), a large amount of prestretching was applied. Thus, a linear response is expected,
which indeed is obtained since a symmetric and injective phase-gain relationship is ob-
served, [Rhoads et al., 2008; Kumar et al., 2011; Rhoads and Shaw, 2010], [P1] and [P4].
Reducing the amount of prestretching results in a more asymmetric phase-gain relationship,
which was also reported in [Kumar et al., 2011; Rhoads and Shaw, 2010] for weak cubic
nonlinearities, and in [Neumeyer and Thomsen, 2013] for strong cubic nonlinearities.
From figs. 2.12(a-d) it is observed, that the range within which the gain is larger than unity
reduces with lesser prestretching. This is expected, since strong nonlinearity reduces the
pumped vibration amplitude. In Fig. 2.12(b) we observe a bistable gain for certain phase
values. In Fig. 2.12(c), with less prestretching, there appears to be two hysteresis loops,
Conclusions: superthreshold pumping and nonlinear effects 17
covering regions of bi-stability. Comparing figs. 2.12(a-d), the bistable response curves
appear to collapse for strong nonlinearity (less prestretching), creating a gain characteristic
somewhat less dependent on the phase.
2.7 Conclusions: superthreshold pumping and
nonlinear effects
Using a cantilever beam as the model object, it was theoretically found that an optimal
mix exists between the pumping, the damping coefficient, the excitation detuning, and the
tilt angle. It was experimentally demonstrated that parametric amplification is possible
for the second vibration mode and that superthreshold pumping appears to produce: an
asymmetric phase-gain relationship; a broader phase range for which a larger-than-unity
gain is realized, whereby the domain of applicability increases; a narrower phase range for
which attenuation is realized; a higher gain though nonlinear effects tend to reduce it; and
a change in the optimum phase.
Using a doubly clamped beam as the model object, we compared theoretically the effect
of specific cubic nonlinearities on the parametrically amplified vibration amplitude and
gain. An analytical expression for the vibration amplitude was derived. For a given small
level of transverse displacement for both the cantilever and doubly clamped beam, the
effect of midplane stretching is dominant, compared to those caused by nonlinear inertia
and curvature. For this level of transverse displacement, the cantilever beam effectively
operates in its linear regime. For a doubly clamped beam, it was found that the slenderness
ratio can sensitively change the output amplitude and gain, and thus be used as an effective
design parameter for parametric amplifiers.
The impact of nonlinearity was also investigated experimentally with a prestretched
doubly clamped beam. Jumps in the phase-gain characteristics were observed alongside an
increasing asymmetric phase-gain relationship for strong nonlinearity.
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Fig. 2.11: Base-excited tilted prestretched doubly clamped beam. (a) Schematic with reference
coordinates x and y. Base-excitation xb with components vb and ub, prestretch force Γ0, and
tilt angle α. Longitudinal u and transvere v moving frame deformation; (b) Fixture attached to
shaker with a prestretch mechanism.
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Fig. 2.12: Experimentally observed gain as function of phase for various levels of prestretching: (a)
largest prestretching; (b) medium prestretching; (c) little prestretching; (d) minimal prestretching.
Upsweep B and downsweep C. Dash-dotted lines represent jumps.
3 Mixed quadratic and cubic
nonlinear effects [P6]
The initial theoretical work that I conducted, was done using the method of multiple
scales to derive expressions for the approximate analytical steady-state vibration amplitude
for various systems. But this method can not be used to derive approximate analytical
steady-state vibration amplitudes for most of the systems with stronger nonlinearities
that were considered. Neither can it model superthreshold pumping adequately, as is
demonstrated in [P7], nor can it be used to derive approximate analytical steady-state
vibration amplitudes for systems with frequency detuning between the direct and parametric
excitation frequencies (i.e. quasi-periodic solutions). I began working with dr. V. S. Sorokin
in 2014 who at that time was developing the MVA, cf. [Sorokin and Thomsen, 2015]. This
method allows to derive approximate analytical steady-state vibration amplitudes of certain
systems, e.g. systems with stronger nonlinearities, systems subjected to strong parametric
excitation, or systems with frequency detuning between the direct and parametric excitation
frequencies. Furthermore, the MVA also provides the modulation equations from which
stability of the steady-state solutions can be determined by evaluating Jacobian eigenvalues.
The MVA is employed in the subsequent papers which contain theoretical modeling, and
in some projects which are ongoing work, see Sect. 6.3.
Paper [P6] was motivated by the idea that if the cubic and quadratic effects cancel
out, a significantly higher parametrically amplified steady-state vibration amplitude might
be obtained, than if only cubic nonlinear effects are present. Paper [P6] also reports on
theoretically observed jumps and bistable amplified responses, as experimentally observed
in [P5].
3.1 Model system
A forced Duffing-Mathieu equation with unit-normalized linear natural frequency and
additional quadratic nonlinearity is investigated:
x¨+ βx˙+
(
1 + p cos (2Ωt)
)
x+ k2x
2 + k3x
3 = d cos (Ωt+ φ) , (3.1)
where ˙(x) denotes temporal derivatives, β = 2ζ where ζ is the damping ratio, k2 is a
quadratic nonlinearity coefficient, k3 is a cubic nonlinearity coefficient, (. . .)x describes
the linear elastic restoring force, p is a parametric excitation amplitude, d is a direct
excitation amplitude, t is time, and φ is the phase between the external and parametric
excitation. A similar system but without quadratic nonlinearity has been investigated in
[Rhoads and Shaw, 2010]. It is the simplest one degree of freedom system which captures
the effects of linear damping, quadratic and cubic nonlinearities, and which has both direct
and parametric excitation, which are necessary for a parametric amplifier. Such a system
is also physically easy to realize approximately [Rhoads et al., 2008; Kumar et al., 2011;
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Neumeyer and Thomsen, 2012, 2013].
3.2 Results
3.2.1 Mixed quadratic and cubic nonlinear effects
Approximate analytical results are lenghty and thus omitted here for brevity. Fig. 3.1 shows
various steady-state amplitude-frequency relations for sub- and superthreshold pumping
in the case of no nonlinearity, pure cubic nonlinearity, pure quadratic nonlinearity, and
mixed cubic and quadratic nonlinearities. Fig. 3.1(a) shows that classic responses with
softening or hardening are obtained for subthreshold pumping. In the case of pure quadratic
nonlinearity, the backbone to the left is obtained by direct numerical integration, whereas
the backbone to the right is obtained using the MVA. Note also that for the backbones,
the amplitude equals zero at the linear natural frequency and approaches infinity in the
linear case, as would be expected. Fig. 3.1(b) depicts linear superthreshold pumping.
As compared to the subthreshold case, an extra peak emerges, and the solutions are now
dominated by the parametric excitation component. Fig. 3.1(c) shows superthreshold
pumping with pure cubic nonlinearity. Contrary to the classic hardened Duffing response
where the lower solution on the peak is unstable, here the lower solution on the upper peak
is stable. This observation has been reported previously [Rhoads and Shaw, 2010]. Fig.
3.1(d) shows superthreshold pumping with pure quadratic nonlinearity. The response is
similar to that of negative cubic nonlinearity (softening) and opposite of positive cubic
nonlinearity (hardening). As in the case with pure cubic nonlinearity, the shift from sub- to
superthreshold pumping results in the emergence of an extra peak, and a partial shift in
stability of the solutions. A good agreement between results of direct numerical simulation
and approximate analytical results is obtained in all of the above cases. The numerical
results on the upper peak are obtained by solving (3.1) for Ω ≈ [0.9.25, 1.15] and a set of
randomly selected data vectors as initial conditions. The same procedure is used in [P7].
3.2.2 Additional amplitude-frequency solutions
Fig. 3.2 presents the response for mixed quadratic and cubic nonlinearities for sub- and
superthreshold pumping where, respectively, below and above unit amplitude the quadratic
and cubic nonlinearities dominate the response. The results in Fig. 3.2(a) for subthreshold
pumping have been reported elsewhere [Elshurafa et al., 2011], except than in our case the
unstable solution on the upper part of the peak is too close to the stable solution to be visible.
The insert shows that the approximate analytical response x(t), of which the absolute
maximum value is chosen as the amplitude a, is slightly anharmonic lacking symmetry
with respect to x = 0. That is, even harmonics are present, but it is still reasonable
to choose the absolute maximum value of the response x(t) as the amplitude a, since
the approximate analytical response and the response obtained through direct numerical
integration are similar. For superthreshold pumping (Fig. 3.2(b)) the response becomes
more intricate: Two additional solutions emerge, compared to the case of superthreshold
pumping with pure cubic nonlinearity in which a maximum of five solutions coexist (Fig.
3.1(c)), so that a maximum of seven solutions coexist, e.g. for Ω = 1. For lower amplitudes
(below the dashed line in Fig. 3.2(b)), the stability of the peaks is similar to the case of
pure quadratic nonlinearity (Fig. 3.1(d)), and for higher amplitudes similar to the case of
pure cubic nonlinearity (Fig. 3.1(c)). Even though the amplitude is large and the analytical
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(d) Fig. 3.1: Steady-state amplitude-frequency relations showing (a) subthreshold (p = 0.01) quadratic
(k2 = 0.3, k3 = 0) and cubic (k2 = 0, k3 = 0.5) responses, and their respective backbones
(b) linear (k2 = k3 = 0) superthreshold (p = 0.1) response (c) pure cubic (k2 = 0, k3 = 0.3)
superthreshold response (d) pure quadratic (k2 = 0.3, k3 = 0) superthreshold response. Solid
blue curve and solid red curve with squares respectively denote stable and unstable approximate
analytical results. Solid black curves denote backbones. Circles denote results obtained by direct
numerical integration of (3.1). (φ = −pi/4, β = 0.01, d = 0.01).
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Fig. 3.2: Steady-state amplitude-frequency relations with mixed quadratic and cubic nonlinearities
(k2 = 0.3, k3 = 0.05) for (a) sub- and (b) superthreshold pumping. Parameter values and markers
as used in Fig. 3.1 unless stated otherwise.
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solution is approximate, it is still validated by results of direct numerical integration.
3.2.3 Cancelling effects
Fig. 3.3 depicts the case where the effects of quadratic and cubic nonlinearities cancel out
for amplitudes smaller than unity, i.e. a close to linear response is obtained for an extended
range of amplitudes as compared to when the effects of quadratic and cubic nonlinearities
do not cancel out. Fig. 3.3(a) shows the response for subthreshold pumping whereas
Fig. 3.3(b) shows the response for superthreshold pumping. The insert in Fig. 3.3(a)
shows that the response x(t) is almost symmetric with respect to x = 0. Significantly
larger amplitudes than for pure quadratic or cubic nonlinearity (figs. 3.1(c,d)), are obtained
in both cases. This could be useful for e.g. sensor applications and energy harvesters
utilizing parametric amplification. Besides the benefits of tuning the device such that a
higher steady-state amplitude is realized, the obtained response of a parametric amplifier is
also of general interest, since systems may be encountered where the effect of quadratic
nonlinearity cancels that of the cubic nonlinearity, or even becomes dominant [Kozinsky
et al., 2006; Thomsen, 2003; Hughes and Bert, 1992], as also mentioned in the introduction.
Note that the stability of the solutions is different than for the linear case (Fig. 3.1(b)).
3.2.4 Jumps and bi-stability
Fig. 3.4 shows steady-state subthreshold amplitude-phase relations for pure quadratic,
pure cubic, and various combinations of mixed quadratic and cubic nonlinearities. Fig.
3.4(a) reveals that for almost any phase φ the largest response is obtained in the linear case.
Nonlinear effects reduce the amplitude, both in the case of pure quadratic nonlinearities,
pure cubic nonlinearities, or mixed quadratic and cubic nonlinearities. Fig. 3.4(b) depicts
a case where the effects of quadratic and cubic nonlinearities cancel near Ω ≈ 1. A
significant increase in response is obtained; the maximum magnitude of the response
is almost the same as in the linear case. But at the same time the amplitude-phase
response differs qualitatively from the linear case; jumps and bi-stability are observed,
similar to experimental results [Neumeyer et al., 2014]. In all cases a good agreement
between analytical approximate results and results of direct numerical integration is
obtained. In general it is observed that with increasing nonlinear coefficients, the amplitude
becomes less phase sensitive, except in the case where the effects of quadratic and cubic
nonlinearities cancel out; here the amplitude can be even as sensitive as in the linear case.
Steady-state superthreshold amplitude-phase relations are not shown since superthreshold
pumping appears to yield a phase-insensitive response.
3.3 Conclusions: quadratic and cubic nonlinear
effects
The effects of quadratic and cubic nonlinearities on the response of a parametric amplifier
were investigated. These effects are often inherently present for real amplifiers, but can also
be purposefully introduced and utilized. Approximate analytical steady-state responses
were obtained by the method of varying amplitudes and compared to results of direct
numerical integration, showing good agreement. Mixed quadratic and cubic nonlinearities
may generate additional amplitude-frequency solutions. When the effects of quadratic
and cubic nonlinearities cancel out, a significantly increased response with a more phase
sensitive amplitude is obtained, as compared to the case with pure quadratic or cubic
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nonlinearity. Jumps and bi-stability in the amplitude-phase characteristics were predicted
theoretically, supporting previously reported experimental findings.
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Fig. 3.3: Steady-state amplitude-frequency relations where the effects of quadratic and cubic
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4 Frequency response backbones
[P7]
For some time I have felt that the literature on the transition from a subthreshold parametric
pumping response to a superthreshold pumping response, raised more questions than it
answers. How are the parametric excitation and superthreshold pumping related? Is the
response a sum of both excitation components? How are the classic backbone and the
response of superthreshold pumping related? Paper [P7] is a result of these questions and
others.
4.1 Model system
A parametric amplifer modeled by a forced Duffing-Mathieu equation with unit-normalized
linear natural frequency and perfect excitation tuning (i.e. a strict two-to-one ratio between
the parametric and direct excitation frequencies) is investigated:
x¨+ βx˙+ [1 + p cos (2Ωt)]x+ k3x
3 = d cos (Ωt+ φ) , (4.1)
where ˙(x) denotes temporal derivatives, β = 2ζ where ζ is the damping ratio, k3 is the
cubic nonlinearity coefficient, (. . .)x describes the linear elastic restoring force, p is the
parametric excitation amplitude, d the direct excitation amplitude, t the time, and φ the
phase between the external and parametric excitation. To solve the steady-state oscillations
x(t) of (4.1) approximately, the MVA is employed, as proposed in [Sorokin and Thomsen,
2015]. The steady-state amplitude-frequency solutions could also have been obtained using
e.g. the method of harmonic balance [Bolotin, 1964]. However, the MVA also provides the
modulation equations from which stability of the steady-state solutions can be determined
by evaluating Jacobian eigenvalues. Confer [P7] for details.
4.2 Results
4.2.1 Steady-state model response
A classic backbone has been derived:
Abbk3 = 2
√
Ω2 − 1
3k3
, (4.2)
with Ω < 1 (> 1) for k3 < 0 (> 0), and Ω = 1 for k3 = 0, and where bb denotes the
frequency response backbone.
Often steady-state amplitude-frequency responses of directly excited systems are shown
and discussed in the literature without their corresponding classic backbones, even though
the latter provide skeletons for the resonant peaks regardless of external forcing, and
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therefore give a more fundamental prediction. For the backbone of a system subjected to
combined direct and parametric excitation, however, we propose to keep the parametric
forcing. That is, we use an undamped but parametrically excited amplitude-frequency
relation as a backbone, onwards denoted a modified backbone:
A˜bbk3 =
√
2
3
√
2 (Ω2 − 1)± p
k3
. (4.3)
Tilde is used to differentiate the modified backbone (A˜bbk3 ) from the classic backbone
(Abbk3 ). Equation (4.3) approaches infinity as the cubic nonlinearity approaches zero,
resembling an unbounded linear parametric amplitude-frequency response. The classic
backbone (4.2) from (4.3) can be deduced by inserting p = 0.
4.2.2 Nonlinear frequency responses for sub- and
superthreshold pumping
Fig. 4.1 presents frequency responses for sub- (left) and superthreshold (right) pumping
with no nonlinearity (top) and with cubic nonlinearity (bottom). Classical linear and non-
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Fig. 4.1: Steady-state amplitude-frequency relations for linear (k3 = 0) (a) subthreshold (p = 0.01)
and (b) superthreshold (p = 0.1) pumping, and for cubic nonlinear (k3 = 0.5) (c) subthreshold and
(d) superthreshold pumping. Blue line denotes a stable response. Red line with squares denotes
an unstable response. Circles: response by direct numerical integration of (4.1). (β = 0.01,
φ = −pi/4).
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linear (hardening for k3 > 0) responses are obtained in the case of subthreshold parametric
pumping (figs. 4.1(a,c)). An extra peak emerges in the case of superthreshold pumping
whether with no nonlinearity or cubic nonlinearity (figs. 4.1(b,d)). It has previously
been shown that cubic nonlinear superthreshold pumping yields a bistable amplified re-
sponse, and that up to five amplitude-frequency solutions coexist [Rhoads and Shaw, 2010]
(Fig. 4.1(d)). Linear superthreshold pumping, however, yields a monostable amplified
response, and only one solution exists at any frequency (Fig. 4.1(b)). Transitioning from
a monostable and not amplified (pure direct excitation) linear response to a monostable
and amplified (combined direct and parametric excitation) linear response may be useful
for e.g. energy harvesters, since the frequency bandwidth, specifically the peak distance,
increases. Transitioning from a monostable to a bistable amplified nonlinear response,
i.e. from Fig. 4.1(c) to Fig. 4.1(d), causes an increase in amplitude for a fixed frequency
around the peaks. This increase may be useful for e.g. sensoring, filtering, and energy
harvesting. The transition is also important to know about for subthreshold pumped para-
metric amplifiers. This is because they typically operate only slightly below the parametric
instability threshold, and may therefore experience a bistable amplified response during
operation due to e.g. wear, damage, or varying mass loading.
4.2.3 Classical and modified frequency backbones
Fig. 4.2 presents the response due to pure parametric excitation alongside superthreshold
pumping with no nonlinearity Fig. 4.2(a) and cubic nonlinearity Fig. 4.2(b). That is,
figs. 4.2(a,b) correspond respectively to figs. 4.1(b,d) alongside the modified backbones
introduced by (4.3). The numerical results for superthreshold pumping are obtained by
direct numerical integration of (4.1). The blue (red with squares) backbone refers to the
stable (unstable) superthreshold pumping response, in short the stable (unstable) backbone.
Fig. 4.2(a) shows that the vertical, unstable, and linear amplitude-frequency response
curves for pure parametric excitation are aligned with the parametric instability thresholds
associated with superthreshold pumping. The zero solution, which exists in the case of
pure parametric excitation, does not exist in the case of superthreshold pumping. Fig.
4.2(b) shows the response with appended cubic nonlinearity. The modified backbone of the
system subjected to superthreshold pumping is identical with the upper (stable) solution
for pure parametric excitation. This is different from a classic backbone, which represents
an unforced and undamped amplitude-frequency relation.
Fig. 4.3 presents the responses of modified and classic backbones (4.3) of (4.1), i.e.
respectively with and without the parametric excitation. Fig. 4.3(a) shows the classic
backbone (inner curve) alongside the modified backbone (outer curves). For a given
frequency and Ω > 1, the upper solution of the modified backbone is higher than the
solution of the classic backbone. Thus, the steady-state vibration amplitude associated with
the upper solution of the modified backbone is also higher than the steady-state vibration
amplitude associated with the solution of the classic backbone. Since the upper solution
of the modified backbone is similar to the results using direct numerical integration, the
modified backbone predicts the response more accurately for the chosen parameter values.
Fig. 4.3(b) depicts modified backbones as function of not only excitation frequency, as
in fig. 4.3(a), but also the parametric excitation amplitude p (the classic backbone is
independent of p). The separation in frequencies between the stable and unstable solutions,
which exist in pairs located almost (for small p) symmetrically around Ω = 1 (dashed
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Fig. 4.2: Steady-state amplitude-frequency relations for pure parametric excitation (d = 0, p = 0.1)
and superthreshold pumping (d = 0.01, p = 0.1) for a (a) linear and (b) cubic nonlinear system.
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line), increase with parametric excitation amplitude. The transition from a sub- to a
superthreshold pumping response is somewhat similar to the transition from a sub- to a
superthreshold parametrically excited response. The noticeable differences between these
two transitions are the absence (presence) of a zero (nonzero) solution due to the direct
excitation component, and the different amplitude-frequency sensitivities at the root of the
peak(s). This sensitivity and absense of a zero solution are addressed in the following, and
the conclusions hereof point at some advantages for a system subjected to superthreshold
pumping, as compared to a system subjected to either pure direct or parametric excitation.
4.2.4 Benefits of superthreshold pumping
An advantage of utilizing pure superthreshold parametric excitation, as compared to direct
excitation, is that the steady-state vibration amplitude may be larger for a given input level.
Furthermore, the response close to the resonance frequency shifts more abruptly. This
makes it advantageous for sensor applications e.g. due to better filtering and switching ca-
pabilities. But for parametric excitation a nonzero response is not guaranteed; this depends
on the size of the damping. A nonzero response is, however, always obtained for a system
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subjected to direct excitation. Superthreshold pumping has a nonzero response in the entire
frequency domain. This is an advantage compared to pure parametric excitation, because
there is no need to perturb the system to yield a transition from a sub- to superthreshold
parametric excitation response.
In summary, combining direct and superthreshold parametric excitation yields a response
which introduces several useful characteristics related to the respective responses, while at
the same time not introducing many tradeoffs.
4.3 Conclusions: frequency response backbones
Approximate analytical steady-state amplitude-frequency relations for a parametric am-
plifier model with cubic nonlinearities subjected to sub- and superthreshold pumping are
derived. An undamped but parametrically excited frequency response backbone is used
instead of the classic unforced and undamped backbone. With the modified backbone, it is
shown how the response of a superthreshold parametrically pumped amplifier is related
to the pure directly and pure parametrically excited response. A discussion is given on
the benefits of superthreshold pumping, as compared to pure direct or pure parametric
excitation.

5 Frequency detuning effects
[P8]-[P9]
Papers dealing with parametric amplification assumes either a strict two-to-one frequency
ratio between the parametric and the direct excitation, or that the direct and parametric
excitation frequencies are far apart. On several occasions, I observed drifting of the res-
onant frequencies in the laboratory. Sometimes the cause was apparent, e.g. one of the
bolts that fixed the steel ruler onto the fixture, which was mounted on the vibration exciter,
had loosened. Other times it was not possible to identify the cause. The strict two-to-one
frequency ratio could also be affected by e.g. uncertainties with respect to physically
adding the parametric excitation component, and the natural frequency could change due
to e.g. damage or varying mass loading. This led me to investigate frequency detuning
effects for parametric amplifiers.
For [P8]-[P9], a new experimental setup was designed and constructed since an incre-
mental investigation of a rather large amplitude-frequency domain was required. Thus,
hardware and automated signal acquisition software was developed over a year.
5.1 Model system
A forced Duffing-Mathieu equation with parametric and direct excitation frequencies Ωp
and Ωd is investigated:
x¨+ βx˙+ ω20
(
1 + p cos (Ωpt)
)
x+ γx3 = d cos (Ωdt+ φ) , (5.1)
where ˙(x) denotes temporal derivatives, β = 2ω0ζ where ζ is the damping ratio, ω0 is
the linear natural frequency, γ is the nonlinear coefficient, p is the parametric excitation
amplitude, d is the direct excitation amplitude, t is time, and φ is the phase between the
parametric and direct excitation.
5.2 Results
The frequencies Ωp and Ωd are typically tuned to be commensurate for parametric ampli-
fiers, i.e. Ωp/Ωd = 2, which provides a periodic steady-state response. Frequency detuning
by contrast generally yields quasi-periodic steady-state responses. The method of varying
amplitudes [Sorokin and Thomsen, 2015] is employed to solve (5.1) for the quasi-periodic
response. The reader is referred to [P9] for details.
5.2.1 Experimentally obtained bistable amplified response
Fig. 5.1 shows a perfectly tuned amplitude-frequency response, obtained with a frequency
up- and downsweep. A classic hardened cubic nonlinearity is observed. Notice the lower
stable solutions on the peak; they appear to resemble the lower stable theoretical solutions
on the peak in Fig. 5.2. The upper stable solutions on the peak might be obtained with a
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frequency upsweep with smaller increments. This is left for future studies. The authors
believe that these experimental bistable amplified steady-state responses are the first ones
reported upon in the literature. In the subsequent frequency experiments, both up- and
downsweeps are conducted for the parametric and direct excitation frequencies. The direct
excitation frequency is altered in an inner sweep, and the parametric excitation frequency
is altered in an outer sweep, unless stated otherwise.
5.2.2 Perfectly tuned superthreshold pumped steady-state
model response
Fig. 5.2 depicts superthreshold pumped steady-state vibration amplitude as a function
of direct excitation detuning. Fig. 5.2(a) shows that adding superthreshold parametric
pumping to a directly excited system yields a bistable amplified steady-state peak. Good
agreement between the theoretical predictions and results of direct numerical integration
is noted. A distinct feature, compared to the subthreshold parametrically pumped case
is, that in the resonance frequency range the steady-state vibration amplitude increases
significantly. This feature might be useful for sensor applications, because the transition
from a small to a large amplitude becomes more pronounced, and it might also be useful
for energy harvesters due to the larger amplitude. Fig. 5.2(b) shows that increasing the
nonlinear coefficient γ hardens the superthreshold pumped response, similarly to the case
of a subthreshold nonlinear hardened response. In others words the impact of increasing
the nonlinear coefficient is qualitatively the same for sub- and superthreshold pumping.
5.2.3 Frequency detuning effects
Fig. 5.3 shows detuned (σpd 6= 0) superthreshold pumped steady-state vibration ampli-
tudes. A frequency ratio Ωp/Ωd = 2.05 and a frequency ratio Ωp/Ωd = 1.95 between the
parametric and the direct excitation are used. The somewhat larger deviation between
the approximate analytical solution and results of direct numerical integration around the
intersection between the lower solution and the stable peak, can be reduced by including
higher harmonics in the approximation, though omitted here since the calculations become
more lengthy with only minor increase in accuracy. Up to five solution branches coexist
at a given frequency. Two of them are duplicates in the steady-state amplitude-frequency
relation except for a difference in excitation phase. That is, with frequency detuning be-
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Fig. 5.2: Theoretical superthreshold pumped steady-state vibration amplitude as a function of direct
excitation detuning for (a) γ = 0.05 and (b) γ = 0.1 (2:1 ratio between the parametric and
the direct excitation detuning). Dashed line denote an approximate analytical unstable response.
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Fig. 5.3: Theoretical superthreshold pumped steady-state vibration amplitude as a function of
direct excitation detuning for (a) 2.05:1 and (b) 1.95:1 ratio between the parametric and the direct
excitation detuning. (p = 0.35 and γ = 1.)
tween the parametric and direct excitation, the bistable amplified peak of Fig. 5.2 appears
to collapse into one line. This is contrary to perfect frequency tuning (Fig. 5.2 and [Rhoads
and Shaw, 2010; Kim et al., 2005; Zulli and Luongo, 2012]). Jumps are observed both
during a down- and upsweep in Ωd. The upsweep jump is, for the chosen parameters,
considerably smaller than the downsweep jump, but this might be otherwise for other
parameter values. Also, the frequency separation between the two peaks changes with the
frequency detuning σpd between the parametric and the direct excitation. Compared to the
perfectly tuned case (Fig. 5.2), an upsweep jump emerges, and both peaks appear to shift to
either the left or right side of linear resonance. Furthermore, a slight frequency detuning of
superthreshold pumping can result in a further increase in steady-state vibration amplitude.
For a negative nonlinear coefficient γ the steady-state vibration amplitude bends to the
left instead of to the right, and the peaks of the stable and unstable solutions interchange
stability.
To summarize results of figs. 5.2 and 5.3, it is noted that with perfectly tuned subthresh-
34 5 Frequency detuning effects [P8]-[P9]
old parametric pumping, the response qualitatively resembles that of a system subjected to
pure direct excitation. The parametric pumping component merely increases the steady-
state vibration amplitude – mostly around the linear resonance frequency. With perfectly
tuned superthreshold pumping a bistable amplified steady-state response is observed.
With detuned subthreshold parametric pumping the steady-state response drops in the
entire frequency range. With detuned superthreshold pumping both characteristics of the
pure directly excited system and of the pure parametrically excited system are observed.
Specifically, the zero solution of a pure parametrically excited system is not present, but
the abrupt amplitude-frequency shift, as also present for a pure parametrically excited
system, is observed. The nonzero solution on each side of the two peaks is due to the
direct excitation component, and appears split into two due to the parametric excitation
component. The responses that are split up becomes more nonlinear for increasing steady-
state vibration amplitude due to the effect of the cubic stiffness nonlinearity. For a pure
parametrically excited system with a hardening nonlinearity (γ > 0), the upper left (lower
right) amplitude-frequency solution is stable (unstable). This is similarly the case for
detuned superthreshold pumping. It appears that not only is the parametric excitation
component dominant in the case of perfectly tuned superthreshold pumping, as also noticed
in [Rhoads and Shaw, 2010], but its characteristics become even more dominant with
frequency detuning.
Fig. 5.4 depicts experimental sub- (left) and superthreshold (right) parametrically
pumped steady-state vibration amplitudes as function of parametric and direct excitation
frequencies. Fig. 5.4(a) shows results for variation in direct and subthreshold parametric
pumping. The maximum steady-state vibration amplitude is mostly sensitive towards
variation in direct excitation frequency. A notch is observed, i.e. the area entangled by
dashed lines. For some detuning ranges, specifically within the notches, the lower solution
below the peak seems to be preferred. These solutions are not results of instantaneous
jumps, but results of beating causing time intervals where an approximate zero amplitude
is realized, and where the amplitude stays at zero. The maximum steady-state vibration am-
plitude is, in the perfectly tuned case, located along the black solid line. Fig. 5.4(b) shows
results for variation in direct and superthreshold parametric pumping. An approximate
two-to-one ratio between the parametric and the direct excitation frequency is denoted by
the lower right black solid line. The amplitude-frequency relation corresponding to this
line resembles results of Fig. 5.1, which is qualitative similar to the theoretical predictions
(Fig. 5.2). Another notch appears as compared to the case with subthreshold parametric
pumping. In these areas three stable solutions exist; an upper and a lower solution on
the peak, and a lower solution below the peak. As discussed in relation to Fig. 5.1, it
seems that the lower solution on the peak is easier to obtain than the corresponding upper
solution on the peak. The areas of these notches are considerably larger in size in the
case of superthreshold pumping as compared to the subthreshold parametrically pumped
case. Within the areas of the notches related to superthreshold pumping, reaching the
lower stable solution of the peak is possible, as denoted by the few experimental results
left of the markers I, II, and III, creating what could resemble three different horizontal
lines. These results are similar to the lower stable response within the red square shown in
Fig. 5.1. The frequency range with meaningful steady-state vibration amplitudes increases
in the case of superthreshold pumping, but the emergence of an extra notch means that
there exist one additional parameter subspace within which a smaller steady-state vibration
Conclusions: frequency detuning effects 35
amplitude is obtained. The theoretical predictions presented in Fig. 5.3 depict two special
cases of the superthreshold pumping experimental observations presented in Fig. 5.4. That
is figs. 5.3(a,b) are simplified representations of Fig. 5.4(b), namely for specific frequency
ratios. The frequency ratio Ωp/Ωd = 1.95 corresponds to the upper straight black line.
Good agreement is noted: jumps and the overall qualitative behaviour appears similar, and
the change in frequency separation between the two peaks as predicted theoretically (Fig.
5.3), is also observed experimentally. Figs. 5.4(c,d) show that interchanging the order of
parameter variation, i.e. fixing the direct while varying the parametric excitation, results in
an amplitude jump approximately at the lower left points of the notches in the initial results
(red line in Fig. 5.4(d)). Within the notch subspace, a perturbation of the beam is possible
such that the lower solution of the peak is reached. But as in the case with fixed parametric
excitation and varying direct excitation, the lower solution below the peak is preferred
(Fig. 5.1). This means that with frequency fluctuations at near-resonant oscillations, one
can expect severe performance degradation for e.g. energy harvesters and sensors. In
particular, performance degradation should be accounted for when an additional notch
appears and small response amplitudes are obtained. Outside the frequency region of the
notches detuning of either the direct or parametric excitation frequency has a relatively
small influence on the response.
5.3 Conclusions: frequency detuning effects
Frequency detuning effects for a parametric amplifier are investigated. The studies are
conducted theoretically using a Duffing-Mathieu equation as the model system, and experi-
mentally using a macro cantilever beam as the model object.
The theoretical part showed good agreement between approximate analytical responses
and results of direct numerical integration, both in the perfectly tuned and detuned cases.
The approximate analytical response provides solutions which can be otherwise challeng-
ing to find numerically, and it can provide expressions for the backbones by zeroing the
damping and external forces. Increasing the positive cubic nonlinearity makes the su-
perthreshold pumping response more hardened, just as in the classic case with subthreshold
pumping. For detuned superthreshold pumping some of the amplitude-frequency curves
appear to collapse, and the frequency separation between the two peaks changes.
The experimental part shows that for some detuning ranges a drop in steady-state vi-
bration amplitude exists, indicating performance degradation, whereas for other ranges,
detuning may yield an increased steady-state vibration amplitude. The identified notches
are not results of jumps but because beating causes moments where a zero amplitude is
realized, and in some of the cases the amplitude stays at zero. For superthreshold pump-
ing a pronounced excitation detuning independency is observed. Also, the steady-state
vibration amplitudes are in general larger, and the jumps happen at larger direct excitation
frequencies.
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Fig. 5.4: Experimental (a) sub- and (b) superthreshold pumped steady-state vibration amplitudes as
function of parametric and direct excitation frequencies, using a downsweep with Ω˜d fixed while
Ω˜p is varied (a,b) and vice versa (c,d).
6 Conclusions
The work presented in this PhD thesis is a contribution to the research field of parametric
amplification. This thesis focuses on superthreshold pumping, nonlinear effects, frequency
response backbones, and frequency detuning effects.
6.1 Main contributions
Superthreshold pumping is a key topic in this thesis, and produces some useful char-
acteristics: an asymmetric phase-gain relationship; a broader phase range for which a
larger-than-unity gain is realized; a narrower phase range for which attenuation is realized
and; a higher gain though nonlinear effects tend to reduce it. These characteristics are
believed to be advantageous for energy harvesters. It is also demonstrated theoretically
and experimentally that stronger nonlinear effects can cause jumps and bi-stability in the
amplitude-phase characteristics, which in turn enrich the dynamic response of the system.
Mixed quadratic and cubic nonlinearities may generate additional amplitude-frequency
solutions, as compared to a system where only cubic nonlinearities are considered. The
special case where they cancel out is also considered. When they do so, a significantly
increased response with a more phase sensitive amplitude is obtained, as compared to the
case with pure quadratic or pure cubic nonlinearity.
Frequency response backbones are also investigated. Approximate analytical steady-
state amplitude-frequency relations for a parametric amplifier model with cubic nonlineari-
ties are derived. An undamped but parametrically excited frequency response backbone
is proposed instead of the classic unforced and undamped backbone. With the modified
and more general backbone, it is shown how the response of a superthreshold pumped
amplifier is related to respectively the pure directly and pure parametrically excited re-
sponse. Benefits of superthreshold parametric pumping, as compared to pure direct or pure
parametric excitation, are given.
In addition to being relevant for most applications in itself, frequency detuning yields
some interesting and useful features. Some of the characteristics of, respectively, a pure
directly excited system and a pure parametrically excited system can simultaneously be
utilized or avoided in a frequency detuned parametric amplifier. Moreover, parts of the
amplitude-frequency curves can collapse, and the frequency separation between the two
peaks can be altered. The first experimental bistable amplified steady-state responses are
also reported.
The derived analytical models and experimental setups can readily be extended to inves-
tigate other factors. Some of these are mentioned in sects. 6.3 and 6.4. Moreover, most
of the results are applicable to the more general field of systems subjected to combined
parametric and direct excitation.
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6.2 Critical assessment
It was decided in the beginning of this PhD project, that the experimental observations
should only be compared qualitatively with theoretical predictions. It could be argued
that a quantitative, and not only qualitative, correlation between theoretical predictions
and experimental observations would appear stronger. However, the former was decided
such that time otherwise spend on qualitative analysis could be used elsewhere. Moreover,
because this project focus on phenomena, then qualitative comparisons are considered
sufficient. Note that all approximate analytical results have been compared with results
of direct numerical integration, and that at least a good agreement has been obtained. In
many cases an excellent agreement has been obtained.
The approximate analytical results obtained using the method of varying amplitudes
have excellent agreement with the results of direct numerical agreement. It is a perturbation
method, so an increasing disagreement between the results hereof, and those of direct
numerical agreement, would be expected for increasing steady-state vibration amplitudes.
Situations where this happen have not been encountered during the work presented in this
thesis. It would strengthen the results of the work presented in this thesis, to get an idea of
when the applied methods fail to predict the behaviour adequately.
For [P8]-[P9], the qualitative agreement between theoretical predictions and experimen-
tal observations could be improved.
The experimental bistable amplified response, which is the first one of its kind to be
reported, should be reproduced to strengthen its validity.
6.3 Ongoing work
A part of the work done during the period of the PhD studies is ongoing work, and will be
published later on. The most noteworthy is listed in the following.
• Cubic damping can arise in various mechanical systems such as a mass moving on a
belt conveyor system [Thomsen, 2003], but may also increase the dynamic range of
energy harvesters [Tehrani and Elliott, 2014]. The present effort investigates cubic
damping effects on a parametric amplifier theoretically and numerically. Results
show that with superthreshold pumping and positive cubic damping then the two
peaks merge
• Microelectromechanical resonators are typically subjected to direct, parametric, or
self-excitation [Rhoads et al., 2010b]. Some of these, e.g. comb fingers, can be
modelled with cubic parametric excitation as part of the equation of motion [Zhang
et al., 2002]. I examine and report on some effects of cubic parametric excitation on
a parametric amplifier using approximate analytical steady-state responses, derived
using the method of varying amplitudes [Sorokin and Thomsen, 2015]. For instance,
up to four stable amplitude-frequency solutions can exist at a given frequency
• Mechanical parametric amplification focus on time-periodic modulation of the
stiffness. Here, time-periodic modulation of the damping is investigated, and in
general the effects hereof. To this end, a Duffing-Mathieu equation with appended
parametric damping is considered. The method of varying amplitudes is employed
to derive approximate analytical expressions for the steady-state vibration amplitude,
and results hereof are compared with results of direct numerical integration
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• Approximate rotational solutions of a pendulum under combined vertical and hor-
izontal excitation was investigated in [Pavlovskaia et al., 2012] motivated by the
idea of extracting energy from sea waves [Wiercigroch et al., 2011]. Rotations of
a parametric pendulum fitted onto a floating support and forced to move vertically
under the action of water waves were studied experimentally in [Lenci et al., 2012].
A few papers exist on the topic of parametrically amplified energy harvesters (e.g.
[Daqaq and Bode, 2011; Eom et al., 2013]), but none with wave energy harvesting.
Here, the dynamics of a parametrically amplified macroscale pendulum fitted onto a
floating support, are studied in the context of energy harvesting
• The study of self-induced parametric amplification has received significant attention
lately [Nitzan et al., 2015]. The present study considers the effects of Rayleigh
damping, which can model a self-excited parametric amplifier. Results show that the
width between the left and right part of the individual peaks of the bistable amplified
response can be adjusted, and that these peaks also can merge creating a bounded
response, similarly to the effect of cubic damping
• The effect of modal interaction on parametric amplifiers is investigated theoretically
and experimentally using a taut string as the model object. Initial results show
that the added parametric excitation does not increase the steady-state vibration
amplitude of the fundamental vibration mode, but rather increases the steady-state
vibration amplitude of the second vibration mode
6.4 Future aspects
Alongside the ongoing work, some studies only touched upon briefly, are listed below.
These studies are thought to be of interest and relevance to, at least, the research community
focusing on parametric amplifiers.
• It should be investigated whether the upper stable steady-state vibration amplitude
on the peak of a parametric amplifier with quadratic and cubic nonlinearities can be
utilized, as predicted theoretically [P6]
• The proposed modified backbone should be tested experimentally for its theoretically
predicted better accuracy than the classic backbone [P7]
• Additional experimental results on bistable amplified responses, specifically with a
higher resolution (smaller stepsize in the amplitude-frequency domain), might reveal
interesting dynamics. A suggested strategy to look for these theoretical predictions
experimentally is to provoke a jump from the lower to the upper stable solution of
the peak, through a slowly increasing steady-state vibration amplitude at a fixed
frequency. This could happen when the attraction to the upper stable solution on
the peak becomes stronger than the attraction towards the lower stable solution on
the peak. The frequency range for which this is suggested, is as close to the lower
fold point as possible, since the distance between the peaks upper and lower stable
solution is largest here. This distance can also be changed via the excitation phase
• A natural extension to parametric amplification of a string is parametric amplification
of a membrane. Some work on experimental parametric amplification on nanoelec-
tromechanical membranes exist, but not on their macromechanical counterpart
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• The steady-state vibration amplitude for a system subjected to superthreshold pump-
ing is in theory unbounded. Note that this, for a parametric amplifier, holds both
with and without the presence of nonlinear effects (at least the quadratic and cu-
bic nonlinearities). As demonstrated in Chap. 5, the peak can experimentally be
followed upwards for a long time before a jump-down occurs. In addition to the
bistable amplified peak from the fundamental response, non-zero steady-state re-
sponses due to e.g. other resonant frequencies might be utilized. If a jump from one
peak to another (e.g. from the rightmost peak of the bistable amplified response to
the closest resonant peak on its right hand side) can be realized, then a potentially
wide frequency gain bandwidth can be obtained. This can be interpreted as ’peak
surfing’, and become an alternative to (other) ultra wideband strategies. A suggested
model object for the realization of this phenomena is a taut string where the resonant
frequency gaps are narrow
• A fluid’s flow rate can be measured by a Coriolis mass flowmeter. Typically the
fundamental symmetric mode is excited, such that the fluid mass passing through
the tube experiences an angular momentum resulting in a twisted mode, i.e. the
first antisymmetric mode (Coriolis mode). The phase shift of the resulting motion is
assumed to be proportional to mass flow [Enz et al., 2011]. Parametric amplification
might be used to excite the fundamental symmetric mode [Groenesteijn et al.,
2014] more effeciently. Manipulating the equation of motion governing transverse
vibrations of a fluid-conveying pipe [Thomsen and Dahl, 2010] and subsequently
applying a two-mode approximation might reveal essential dynamics
• The unperturbed cubic–quintic Duffing equation can be found in the modeling of
free vibration of a restrained uniform beam carrying intermediate lumped mass and
undergoing large amplitude of oscillations, and in nonlinear dynamics of a slender
elastica [Lai et al., 2009]. The fifth power term is therefore not only to be considered
as a correction term to the third power term, but provides an essential contribution
to the prediction of the response. The cubic–quintic duffing equation is difficult to
handle because of the strong fifth power nonlinearity. The aim of this study could
therefore twofold; to test the applicability of the method of varying amplitudes of
a problem involving strong nonlinearity subjected to parametric excitation, and to
get insight into the dynamics of the cubic-quintic Duffing equation with parametric
excitation
• Parametric amplifiers should be compared with alternatives. For instance, the
damping or the direct excitation of the system might, respectively, be lowered or
increased instead of adding parametric excitation. The energy and power relations
between the extra input (in terms of energy or power due to parametric excitation)
and the resulting output (in terms of energy or power due to increased vibration
amplitudes) could be studied, in order to conclude the most viable option
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Abstract
This work investigates theoretically and experimentally the phenomenon of parametric amplification in a
macroscale mechanical context, using a base-excited tilted cantilever beam as the model object. It demonstrates
that an optimum mix between selected excitation parameters exists, that parametric amplification is possible
for the second vibration mode, that the detuned case is phase lag insensitive, and that superthreshold pumping
changes the gain/phase lag relationship, the phase lag range for which amplification and attenuation is realized,
the optimum phase lag, and the attainable gain.
INTRODUCTION
Parametric Amplification (PA) is obtained by pumping (adding parametric oscillations to) externally
driven harmonic oscillations [3]. Subthreshold pumping, i.e. pumping below the linear instability
threshold (the transition between the stable and unstable regime wrt. parametric resonance), may be
beneficial, e.g. by lifting a weak signal from the noise floor, effectively increasing the signal-to-noise
ratio. The primary quantity of interest is the gain, which is the ratio between the stationary vibration
amplitudes of the pumped and unpumped system. To advance the insight into the phenomenon of PA,
the present work investigates theoretically and experimentally how various factors influence the gain,
under subthreshold as well as superthreshold pumping conditions.
MODEL SYSTEM
As a representative model system we consider a base-excited cantilever beam. The combined scenario
of direct and parametric excitation is realized by tilting the cantilever beam wrt. the line of excitation x
as depicted in Fig. 1(a). The experimental setup is shown in Fig. 1(b,c). A non-dimensional third-order
nonlinear equation of motion for the amplitude z(t) of the first transverse vibration mode of a cantilever
beam subjected to parametric and direct excitation, imposed at the base with perfect tuning (i.e. 2:1 ratio
of parametric and direct excitation frequencies, also referred to as a degenerate case), can be written [2]:
z¨ + ε2ζz˙ + z + εΩ2λ sinα
(
Aˆ cos (Ωτ + φ) + 4Bˆ cos (2Ωτ)
)
z + ερz3 + εµ
(
z¨z2 + z˙2z
)
+ ε
1
2
Ω2γ sinα
(
Aˆ cos (Ωτ + φ) + 4Bˆ cos (2Ωτ)
)
z3 = εΩ2η cosα
(
Aˆ cos (Ωτ + φ) + 4Bˆ cos (2Ωτ)
)
,
(1)
where the base-excitation along direction x, and its components (uˆp, vˆp) along and transverse to the
beam axis, respectively, is:
xˆp = Aˆ cos(Ωτ + φ) + Bˆ cos(2Ωτ), uˆp = xˆp sinα, vˆp = xˆp cosα, (2)
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and where ε bookmark small terms, Aˆ is the direct amplitude, Bˆ the pump amplitude, ζ the damping
ratio, and η, λ, γ, µ and ρ are mode shape integration constants.
STEADY-STATEMODEL RESPONSE
Theoretical predictions
Employing the method of multiple scales yields an algebraic equation for the first-order approximate
stationary value for the first-mode vibration amplitude a of z:[(
−σ + cos (2ψ)β(a) + 1
8
(3ρ− 2µ)a2
)2
+
(
ζ + sin (2ψ)β(a)
)2]
a2
=
(
1
2
η cos (α) Aˆ (σ + 1)2
)2
, β(a) =
1
4
sin (α) Bˆ
(
16λ+ 3γa2
)
(σ + 1)2 , (3)
where σ = Ω − 1 is the detuning from direct resonance and ψ=ψ(φ) is a phase lag between
the direct and parametric excitation. A comparison with a steady-state response obtained in [2]
employing the method of averaging, and direct numerical integration of (1) using a fourth-order
Runge-Kutta method, is depicted in Fig. 2(a), alongside a linear response which is found letting
ρ=µ=γ=0 in (3). The linear response is given for an unpumped and a pumped state, of which the latter
yields a higher amplitude, demonstrating that PA increases the gainG≡apumped/aunpumped=a/a|Bˆ=0.
For perfect excitation tuning (σ=0) all methods yield identical results. The accuracy obtained
by multiple scales appears better compared to averaging but is within the same order of magni-
tude.
Optimal excitation parameters
Direct numerical integration of the linearized version of (1), to find G for various combinations of
damping coefficient ζ, direct amplitude Aˆ, pump amplitude Bˆ, and tilt angle α in the case of perfect
tuning (σ=0) is illustrated in Fig. 2(b). It appears that larger Bˆ increasesG but also the maximizing
α = αopt. This is also the case when reducing ζ.
PA of the second vibration mode
To the authors knowledge, it has not been experimentally demonstrated that PA of the second vibration
mode is possible. The frequency equation for the second vibration mode is similar to (3) in structure,
and can be solved for the amplitude a of that mode similarly. Fig. 3(a,b) reveals an increase in a, both
at the free end and approximately midway of the experimental cantilever beam when utilizing PA. The
largest relative increase in a for these two points yields the largest gainG. However, it might not be
the most appropriate point at which one would like to harvestG due to aspects such as implementation
in the physical setup.
Superthreshold pumping and detuned PA
Superthreshold pumping produced experimental results as depicted in Fig. 3(c), where subthreshold
pumping is shown for reference. The gain G appears, respectively, symmetric and asymmetric wrt.
phase lag when utilizing small-medium and medium-large amplitudes a. This is also reported in
[4], but for subthreshold pumping. The larger a appear to produce a largerG over a larger range of
phase lags, thus increasing the applicability range of PA. Superthreshold pumping increases the signal,
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(a) (b) (c)
Figure 1. Model system; (a) schematic; (b,c) cantilever beam, vibration exciter, fixture, and measurement
sensors.
but also increases the noise floor [1]. Hence, this approach may not be appropriate for e.g. nano-
and microelectromechanical systems. Parametric attenuation becomes more challenging to exploit
for superthreshold pumping, because the optimum phase lag changes, the phase lag range causing
significant attenuation becomes smaller, and the sensitivity wrt. changes in phase lag increases. Thus,
the experiment confirms that the perfectly tuned case is phase lag sensitive, e.g. [2, 3], but also indicates
that the optimum phase lag can change. Also, superthreshold pumping makes it possible to increaseG
further, thus partly overcoming the nonlinear saturation effects present for subthreshold excitation [2, 4].
To the authors knowledge, it has not been shown experimentally that the macroscale detuned system
is phase lag insensitive. Experimental results for two detuned systems produce the results given in Fig.
3(d), demonstrating that detuned PA can be phase lag insensitive. The perfectly tuned system yielded
a higher amplitude than the detuned system, except around parametric attenuation. In an industrial
setting, being phase lag insensitive would be advantageous.
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Figure 2. Theoretical results; (a) stationary first-mode amplitude vs. excitation detuning. Direct numerical
integration (×), averaging ( ), multiple scales ( ) and backbone ( ) of (1), ζ=Aˆ=0.05,
Bˆ=0.005; (b) gain vs. tilt angle for various combinations of Aˆ, Bˆ, ζ with perfect excitation tuning (σ=0)
employing direct numerical integration of (1). For (a) and (b): φ=φopt=−pi/4, α=pi/4.
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CONCLUSIONS
It was found that an optimal mix exists between the pump amplitude, damping coefficient, and tilt angle.
This is relevant for the class of systems which can be represented by a cantilever beam (e.g. high towers
and helicopter blades) exposed to PA. It was demonstrated that PA is possible for the second vibration
mode. PA within the parametric instability region yields 1) an asymmetric gain/phase lag relationship 2)
a broader phase lag range for which the gain is realized, whereby the domain of applicability increases
3) a narrower phase lag range for which attenuation is realized 4) a higher gain even though nonlinear
saturation effects reduce it 5) a change in the optimum phase lag. It was confirmed experimentally
that the detuned case can be phase lag sensitive.
The work is in progress, currently involving experimental tests for subthreshold pumping and optimal
tilt angle, and theoretical energy considerations for PA.
(a) (b)
3/4pipi/2pi/40−pi/4
0
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3/4pipi/2pi/40−pi/4
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G
(2 : 1)
(1.8 : 1)
(2.2 : 1)
(d)
Figure 3. Experimental results; second mode resonant beam vibration with (a) direct excitation or (b)
direct and parametric excitation for α≈4pi/9. ( ): max. transverse deflection; (c,d): gain at the first direct
resonance; (c) perfectly tuned system (σ=0) with small-medium () and medium-large (©) amplitudes,
respectively, well below and above operation threshold; (d) perfectly tuned vs. detuned systems.
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We investigate theoretically and experimentally the phe-
nomenon of parametric amplification in a macromechani-
cal context. A base-excited tilted cantilever beam is used as
the model object, and analytical approximative expressions
for the optimal tilt angle and gain are derived. The find-
ings demonstrate that an optimum mix between selected ex-
citation parameters exists, that macromechanical parametric
amplification is possible for higher vibration modes, and that
superthreshold pumping changes the excitation phase-gain
relationship, the excitation phase range for which amplifi-
cation and attenuation is possible, the optimum excitation
phase, and the attainable gain.
1 Introduction
Parametric amplification is obtained by pumping
(adding parametric excitation to) externally driven near-
resonant oscillations. It has been utilized for several decades
within the field of electrical engineering [1]. Nowadays
parametric amplification has wide application areas. Within
nano- and microelectromechanical systems, resonators are
employed for mass and force sensing, filtering, timing,
switching and signal processing [2, 3]. An important pumped
resonator quantity is the gain, which has been proposed as
the ratio between the stationary vibration amplitudes of the
pumped and unpumped resonator [4]. Recently Rhoads et al.
[5] examined parametric amplification in a macromechanical
context, and subsequently examined nonlinear effects on the
gain [6]. The impact of nonlinearity on perfectly tuned (two-
to-one frequency ratio between the parametric and direct ex-
citation) parametric amplification was explored theoretically
in [7]. Utilizing nonlinear feedback, [8] examined how to
regulate the dynamic range and thus the gain when utilizing
parametric amplification. A recent work [9] demonstrated
that, utilizing nonlinear modal coupling, one can change the
resonant frequency of the first vibration mode by paramet-
rically amplifying the second vibration mode. Parametric
amplification can also produce a frequency response with an
increased quality factor of the resonances [10]. It is thus
possible to improve the measurement accuracy of resonance
frequencies in swept devices such as those operating on res-
onance shifting, e.g. chemical mass sensors and Coriolis
flowmeters [11]. In [12], it was shown that an optimal tilt an-
gle exists between the imposed base-excitation and a piezo-
electric bimorph beam resonator.
To advance the understanding of macromechanical para-
metric amplification, the present work investigates theoreti-
cally and experimentally how various factors influence the
gain under subthreshold (below instability threshold associ-
ated with parametric instability) as well as superthreshold
pumping conditions. The starting point is a lumped-mass
model derived in [6]. Approximate analytical predictions for
responses acquired by using the method of multiple scales
are obtained and discussed for both the linear and third-order
nonlinear model. Then experimental observations are pre-
sented and discussed.
2 Model system
A base-excited cantilever beam is considered as a repre-
sentative model system. Fig. 1 presents the model system.
The combined scenario of direct and parametric excitation
(i.e. pumping) is realized by tilting the cantilever beam with
respect to the line of excitation x. The tilt angles α = 0 and
α = ±pi2 produce pure direct excitation and pure parametric
excitation, respectively. The imposed base motion xˆb, with
transverse and axial components vˆb and uˆb, are provided by
a vibration exciter. A non-dimensional third-order nonlinear
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Fig. 1. Base-excited tilted cantilever beam. Reference coordinates
x and y. Imposed base motion xˆb with components vˆb and uˆb, and
tilt angle α.
equation of motion for the first transverse vibration modal
amplitude (t) of a cantilever beam, subjected to parametric
and direct excitation at the base with perfect tuning (i.e. 2:1
ratio of parametric and direct excitation frequencies, also re-
ferred to as a degenerate case), can be written [6]:
z¨+2εζz˙+z+εΩ2
(
λAˆ cos(Ωτ+φ)+λBˆ cos(2Ωτ)
)
z+ενz3
+ εκ
(
z¨z2+ z˙2z
)
+ ε2Ω2
(
γAˆ cos(Ωτ+φ)+ γBˆ cos(2Ωτ)
)
z3
= εΩ2
(
ηAˆ cos(Ωτ+φ)+ηBˆ cos(2Ωτ)
)
, (1)
where ε bookmark terms assumed to be small compared to
linear inertia and restoring force. The difference from [6] is
that the present work considers the terms with γAˆ and γBˆ to be
of the order O(ε2) and not O(ε) since both the excitation and
the nonlinearities are assumed to be small. Gravity is also
ignored; as can be justified by e.g. positioning the beam vi-
bration plane horizontally. In (1) z¨ represents the transverse
inertia (axial inertia is considered negligible in comparison),
ζz˙ is a dissipative force, (. . .)z and (. . .)z3 are, respectively,
linear and nonlinear elastic restoring forces, κ
(
z¨z2+ z˙2z
)
is
nonlinear inertia, ζ the damping ratio, Ω and τ the dimen-
sionless excitation frequency and time, respectively, φ the
excitation phase (onwards denoted phase) between direct and
parametric excitation, ˙(x) denotes temporal derivatives, and
ηAˆ, ηBˆ, λAˆ, and λBˆ are parameters defined in table 1, where
Aˆ is the direct excitation amplitude, Bˆ the pump amplitude,
ρA is beam mass per unit length, EI is bending stifness, l
is beam length, sˆ = s/l, where s is the arc length, Γ is the
lowest root of the linear frequency equation for a cantilever
beam (cosΓcoshΓ+1 = 0, Γ≈ 1.875), and Φ=Φ(sˆ) is the
fundamental mode shape for a cantilever beam. The two-
frequency time-harmonic base displacement xˆb along direc-
tion x, and its components (uˆb, vˆb) along and transverse to the
beam axis, respectively, are:
xˆb = Aˆcos(Ωτ+φ)+ Bˆcos(2Ωτ),
uˆb = xˆb sinα, vˆb = xˆb cosα. (2)
Thus the direct amplitude Aˆ quantifies the part of the shaker
input supposed to excite the lowest beam resonance directly
(Ω ≈ 1), while the pump amplitude Bˆ quantifies the shaker
input exciting the beam at primary parametric resonance.
3 Theoretical predictions
3.1 Steady-state model response
Following the method of multiple scales [13], we intro-
duce a uniformly valid expansion:
z(t) = z0(T0,T1)+ εz1(T0,T1)+O(ε2), (3)
where the fast time T0 ≡ t and the slow time T1 ≡ εt are con-
sidered independent, and ε 1. Substitution into (1) and
balancing coefficients with respect to the order of ε implies
that:
D20z0+ z0 = 0, (4)
D20z1+ z1 =−κ
(
z20D
2
0z0+(D0z0)
2 z0
)
−2ζD0z0−2D0D1z0−νz30
−Ω2 (λAˆ cos(ΩT0+φ)+λBˆ cos(2ΩT0))z0
+Ω2
(
ηAˆ cos(ΩT0+φ)+ηBˆ cos(2ΩT0)
)
, (5)
where D ji ≡ ∂ j/∂T ji . The general solution for (4) is:
z0 = A(T1)eiT0 + cc, (6)
where cc denotes the complex conjugate of the preceding
term(s) and A(T1) is a complex valued function. Inserting
(6) into (5) gives:
D20z1+ z1 = 2κ
(
A3ei3T0 +A2A¯eiT0
)
− i2(A′+ζA)eiT0 −ν(A3ei3T0 +3A2A¯eiT0)
− 12Ω2
[
λAˆ
(
Aeiφei(Ω+1)T0 + A¯eiφei(Ω−1)T0
)
+λBˆ
(
Aei(2Ω+1)T0 + A¯ei(2Ω−1)T0
)]
+ 12Ω
2
[
ηAˆe
iφeiΩT0 +ηBˆe
i2ΩT0
]
+ cc, (7)
Table 1. Nondimensional parameters for (1).
ηAˆ = Aˆξcosα, ηBˆ = 4Bˆξcosα, ξ=
∫ 1
0 Φdsˆ,
Φ(sˆ) = cosh(Γsˆ)− cos(Γsˆ)− coshΓ+cosΓsinhΓ+sinΓ (sinh(Γsˆ)− sin(Γsˆ)),∫ 1
0 Φ2dsˆ = 1, τ= ω
t√
ρAl4
EI
, ω2 =
∫ 1
0 (Φ′′)
2 dsˆ,
ν= ω−2
∫ 1
0
(
Φ(Φ′′)3+4ΦΦ′Φ′′Φ′′′+Φ(Φ′)2Φ′′′′
)
dsˆ,
λAˆ = Aˆµsinα, λBˆ = 4Bˆµsinα,
µ =
∫ 1
0
(
ΦΦ′′ (sˆ−1)+ΦΦ′
)
dsˆ
κ=
∫ 1
0
(
ΦΦ′′
∫ sˆ
1
∫ sˆ
0 (Φ′)
2 dsˆdsˆ+ΦΦ′
∫ sˆ
0 (Φ′)
2 dsˆ
)
dsˆ,
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where (x)′ = d(x)/dT1, and the resonant cases are seen to
be Ω ≈ { 12 ,1,2}. The present work considers the case of
combined direct and parametric primary resonance, i.e. Ω≈
1, or:
Ω= 1+ εσ, (8)
where σ denotes the detuning from linear resonance. The
particular solution to (7) with (8) inserted contains secular
terms. To eliminate them we require the coefficient to eiT0
to vanish identically. Thus, the solvability condition is ob-
tained:
(2κ−3ν)A2A¯− i2(A′+ζA)
− 12Ω2
(
λBˆA¯e
i2σT1 −ηAˆei(σT1+φ)
)
= 0. (9)
By inserting the polar transformation:
A(T1) = 12 ae
iϕ, (10)
where a = a(T1) and ϕ = ϕ(T1) are real-valued functions,
into (9), introducing a new variable ψ = σT1−ϕ, and sepa-
rating the real and imaginary parts, the modulation equations
governing a and ψ are obtained:
a′ =−ζa− 14Ω2λBˆ sin(2ψ)a+ 12Ω2ηAˆ sin(φ+ψ) , (11)
aψ′=(Ω−1)a− 14Ω2λBˆ cos(2ψ)a+ 12Ω2ηAˆ cos(φ+ψ)
− 18 (3ν−2κ)a3. (12)
In [6], the same systems averaged equations were derived
and also reveal the absence of ηBˆ, λAˆ, and γAˆ (recall that
γAˆ and γBˆ are omitted in the present work). The two for-
mer terms are non-resonant (for the case Ω ≈ 1) which is
seen from (9). The latter term is of the order O(ε2) and is
therefore not considered in this work. Returning to the per-
turbation solution, in terms of a and ψ: z0 = acos(Ωt−ψ).
Thus, a and ψ is the amplitude and phase, respectively, of
the dominant part of the first-mode beam vibrations, occur-
ring at frequency Ω. With the solvability condition fulfilled,
a particular solution to (7) can be found and inserted into (3)
to give the first-order perturbation solution for z:
z(t) = acos(Ωt−ψ)+ ε[ 12Ω2λAˆacos(ψ+φ)
+ 13Ω
2 ( 1
2λAˆacos(2Ωt+φ−ψ)−ηBˆ cos(2Ωt)
)
+ 116Ω
2λBˆacos(3Ωt−ψ)
]
+O(ε2), (13)
where backsubstitutions for T0, T1, and σ have been inserted.
To find the steady-state response we let a′ = ψ′ = 0 in
(11)-(12), and solve for a and ψ to find:
a = 12
Ω2ηAˆ
√
c21+ c
2
2∣∣∣(Ω−1−ρa2)2− ( 14Ω2λBˆ)2+ζ2∣∣∣ , (14)
ψ= arctan
(
1
4Ω
2λBˆ sin(2φ)−ζ
1
4Ω2λBˆ cos(2φ)+Ω−1−ρa2
)
−φ, (15)
where
c1 =Ω−1+ 14Ω2λBˆ cos(2φ)−ρa2,
c2 = ζ− 14Ω2λBˆ sin(2φ) ,
ρ= 18 (3ν−2κ) . (16)
For the linear system (ρ = 0) the stationary amplitude a is
given directly by (14). With elastic and inertia nonlineari-
ties included (ρ 6= 0) (14) is a cubic polynomial in a2 to be
solved for a. Zeroing the forcing and damping terms in (14),
i.e. ηAˆ = λBˆ = ζ = 0, yields the backbone curve, which de-
scribes:
a =
√
Ω−1
ρ
, (17)
which bends towards higher (lower) frequencies for ρ> 0 (<
0), i.e. when the stiffness (inertia) nonlinearity is dominat-
ing.
Fig. 2 presents stationary amplitudes as function of ex-
citation detuning. Fig. 2(a) illustrates the linear case of (14)
along the averaging-based results of the identical system [5],
and a numerical solution of (1). The steady-state responses
are identical at σ = 0, and deviate slightly for larger pertur-
bations as expected for perturbation solutions. The accuracy
obtained by multiple scales appears better compared to aver-
aging, but is within the same order of magnitude.
Fig. 2(b) depicts the nonlinear case, i.e. the numeri-
cal solution a of (14), the corresponding backbone (17), (14)
linearized for a2  1, and the frequency response equation
derived in [6] along a numerical solution of (1). The non-
linear parameters were chosen so that hardening occurs i.e.
ρ> 0. For large perturbations, |σ|> 0.1, the linear and non-
linear frequency responses found using the method of multi-
ple scales are similar, which is expected since the nonlinear-
ities are only significant for larger amplitudes, i.e. close to
resonance.
3.2 Optimal values of excitation parameters
The gain in terms of stationary vibration amplitude can
in general be defined as:
GΛ ≡ a(Λ)a(Λ0) , (18)
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Fig. 2. Stationary amplitude a as a function of excitation detuning σ
for (a) the linear case using multiple scales for Bˆ = 0.004 ( )
and Bˆ = 0 ( ) of which the latter case represents the un-
pumped state, averaging [5] ( ), and direct numerical integration
of (1) (×); (b) the linear ( ) and nonlinear ( ) frequency
responses using multiple scales, direct numerical integration of (1)
(×), averaging [6] ( ), and linear and nonlinear backbones,
( ) and ( ), respectively. (ζ = 0.05, φ = −pi4 = φopt,
α= pi4 , Aˆ = 0.04, Bˆ = 0.004.)
where Λ represents the gain parameter of interest, and Λ =
Λ0 is a reference value of that parameter corresponding to
unit gain. Previous work, e.g. [4, 5], have considered the
case where G≡ apumped/aunpumped, i.e. Λ= Bˆ and Λ0 = 0 in
our notion. In the following the tilt angle α, which controls
the mixing of direct and parametric excitation, is considered
as the gain parameter of interest, i.e.:
Gα =
a(α)
a(α0)
, (19)
with α0 = 0 being the reference (i.e. no parametric excitation
component). With (14) linearized for a2 1, and consider-
ing the perfectly tuned case (Ω= 1) one obtains:
G2α =
[1+(c3 sinα−2sin2φ)c3 sinα]cos2α(
1− c23 sin2α
)2 , c3 = ζµBˆ ,
(20)
which attains maximum and minimum, respectively, for φ=
φmax = −pi4 + npi and φ = φmin = pi4 + npi, n = ±1,±2, ...
Throughout this work we let the optimum phase φopt =
φmax =−pi4 .
Direct numerical integration of (1) indicates the pres-
ence of an optimal tilt angle α (Fig. 3). Solving ∂Gα/∂α= 0
with respect to α yields the gain maximizing tilt angles:
αopt = pi2 − arctan
(√
1
c23
−1
)
, 0 < c3 ≤ 1. (21)
The optimal gain is obtained from (20) with (21) and φ= φopt
inserted:
Gα,opt =
1√
1− c23
. (22)
Fig. 3 depicts results of (20) along with a numerical so-
lution of (1), the optimal tilt angle (21), and the optimal gain
(22) as function of the tilt angle and pump amplitude. The
optimal tilt angle (21) corresponds to the maxima of each
curve. The amplitude, and thus the gain, approaches zero
when exposed to pure subthreshold parametric excitation
(α = pi2 ). The instability threshold corresponds to primary
parametric instability of the zero solution of the linearized
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Fig. 3. Gain Gα as a function of tilt angle α using (20) for various
pump amplitudes Bˆ ( , , ), optimal gain Gα,opt (22)
with αopt sign shifted ( ), numerical results of (1) (◦, , 4),
and optimal tilt angle αopt (21) (N, J, I). (ζ = 0.1, Aˆ = 0.03,
φ= φopt, κ= ν= 0.)
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Fig. 4. Gain GBˆ as a function of phase φ and direct excitation detuning σ computed from (14) with (17) and increased pumping level: (a,b)
Bˆ = 0.001; (c,d) Bˆ = 0.06; (e,f) Bˆ = 0.08; (g,h) Bˆ = 0.11. (Aˆ = 0.03, ζ= 0.1, α=−pi4 , κ= ν= 0.)
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(1) for the case of pure parametric excitation (α= pi/2, Aˆ =
0). In that case (1) is a damped Mathieu equation for which,
to first order of approximation, the primary instability thresh-
old is given by [13] λBˆ = 2
√
(Ω−2−1)2+(2ζ/Ω)2 = 4ζ for
Ω= 1. It appears that larger Bˆ increases Gα but also αopt. It
is not shown here for brevity, but reducing the damping ra-
tio ζ also increases Gα and αopt, indicating that ζ, as Bˆ and
α, is important when finding an optimal mix between excita-
tion parameters. The apparent minor offset between the nu-
merical and theoretical prediction of Gα at α ≈ [0, pi4 ] might
be because the numerical solution considers all the contribu-
tions from the double frequency excitation, due to the reso-
nant cases Ω≈ { 12 ,2}, while the theoretical prediction only
considers Ω≈ 1.
Fig. 4 shows the gain as a function of phase and di-
rect excitation detuning. Figs. 4(a-h) show gain as a func-
tion of phase and direct excitation detuning, while main-
taining a strict 2:1 frequency ratio between the paramet-
ric and direct excitation. Figs. 4(b,d,f,h) are contour plots
of figs. 4(a,c,e,g), respectively. The pump values cho-
sen for figs. 4(a,c,e,g) represent four qualitatively different
states; an unpumped state (Bˆ≈ 0), a subcritical pumped state
(Bˆ < Bˆcritical), a critical pumped state (Bˆ ≈ Bˆcritical), and a
supercritical pumped state (Bˆ > Bˆcritical), respectively. The
u-shaped curve in between the outer curves in Fig. 4(g) is
unstable, whereas the others are stable. Stability has been
checked both analytically and numerically. In the supercriti-
cal pumped state a bi-stable amplified response is observed,
i.e. two distinct amplitude-frequency responses [7, 14]. For
larger values of pumping the regions with attenuation ap-
pears to increase, as does the gain in terms of size. This
is especially pronounced in the supercritical domain. The
results are based on the linear case (ρ = 0), since including
third-order nonlinearity makes the interpretation of the ef-
fects of simultaneous excitation detuning and phase on the
gain less clear. One noteworthy effect of nonlinearity is that
it bounds the otherwise infinite vibration amplitude and thus
the gain beyond the instability threshold [7, 15]. The largest
gain is realized in the darker colored regions, whereas atten-
uation occurs in the lighter colored regions (i.e. when gain is
below unity). The results show that the gain is dependent
on the phase and excitation detuning. By simultaneously
considering both the optimal phase and excitation detuning,
one finds that the gain is maximal in regions which differ
from the ones obtained assuming zero excitation detuning,
as shown in earlier works, e.g. [5, 12, 15]. These darker col-
ored regions, where one can harvest the largest gain, appears
to deviate from zero excitation detuning and φopt =−pi4 +npi
where n = 1,2, ... and increasing Bˆ, as indicated in figs. 4(a-
h); Increasing the pumping makes the darker colored regions
change shape from an ellipse, with its major axis more or less
vertical, towards a circle, and back towards an elliptic shape,
but this time with its major axis horizontal, and for supra-
critical (Bˆ Bˆcritical) pumping the shape becomes a straight
line (not shown here). This means that the gain is more sen-
sitive to changes in phase for smaller amounts of pumping,
whereas the dependence on the excitation detuning becomes
more pronounced for larger values of pumping. In addition,
this change in sensitiveness towards the phase and excitation
detuning appears to increase with pumping.
4 Experimental observations
Experimentally found optimal gains as a function of ex-
citation detuning and tilt angle, respectively, are shown be-
low, along some results on superthreshold pumping.
4.1 Setup
Fig. 5 shows the cantilever steel beam, vibration ex-
citer, custom made fixture, and measurement sensors. The
cantilever beam with dimensions length × width × height
= 150× 20× 0.5 mm, Young’s modulus of approximately
210 GPa and density of approximately 7,800 kg/m3 was posi-
tioned horizontally (with its transverse movements occuring
in the horizontal plane). The dual time-harmonic input signal
(2) was generated by B&K PULSE LabShop software, with
a B&K Output Module Type 3109 and Portable PULSE Type
3560C. The input signal was amplified by a B&K Power
Amplifier 2712 driving a B&K Vibration Exciter 4808. Dis-
placements and accelerations where recorded approximately
at the end of the cantilever beam with, respectively, an Om-
ron laser displacement sensor ZXLD40 and an Endevco 22
piezoelectric accelerometer. Surface strains were measured
close to the fixed end of the cantilever beam using TML
FLA-10-11 strain gauges and a B&K Strain Indicator 1526.
4.2 Critical pumping amplitude
In the linear case, a bounded response requires us not to
exceed the instability threshold, also referred to as the criti-
cal pumping amplitude.
Fig. 6 depicts the instability thresholds by varying the
pumping amplitude and excitation detuning around twice the
first (Fig. 6(a)) and second (Fig. 6(b)) natural frequency. In
both cases, the region of instability widens as the pumping
amplitude increases. The experimentally determined critical
pumping amplitude in terms of voltage was, respectively, 1.3
(a)
(a)
(b)
Fig. 5. (a) cantilever beam with vibration exciter and (b) fixture; ac-
celerometer (acc), displacement sensor (ds), strain gauges (sg).
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Fig. 6. Experimentally observed instability region for (a) the first and
(b) the second vibration mode, respectively. White and grey areas re-
flect stable and unstable regions, respectively. The solid line denotes
a transition between the stable and unstable regions. Experimental
measurements (×). Parametric resonance occured within the grey
region. (Tilt angle α= pi4 .)
V and 0.5 V for the first and second vibration mode. The in-
stability region related to the first vibration mode was wider
than for the second vibration mode, and a smaller pumping
amplitude, in terms of voltage, was needed in the latter case
in order to enter the instability region.
4.3 Parametric amplification of the first and second vi-
bration modes
Fig. 7 shows the experimental macro cantilever beam
with experimentally observed resonant vibration amplitudes
of the first (Fig. 7(a)) and second (Fig. 7(c)) vibration mode
with direct excitation only. The same settings apply to figs.
7(b,d), except that here the cantilever beam was also sub-
jected to subthreshold pumping. A distinct increase in vi-
bration amplitude, and therefore gain, was observed for both
vibration modes. Figs. 7(c,d) show an increase in vibra-
tion amplitude, both at the free end and approximately at the
midpoint of the cantilever beam when utilizing parametric
amplification. The largest relative increase in vibration am-
plitude for these two points yielded the largest gain in terms
(a) (b) (c) (d)
Fig. 7. Cantilever beam subject to (a)+(c) pure direct excitation and
(b)+(d) direct and parametric excitation. Direct excitation was at
(a)+(b) the first vibration mode (≈ 13 Hz) and (c)+(d) the second
vibration mode (≈ 81 Hz). (Tilt angle α= pi4 , φ= φopt.)
of transverse beam deformations.
Fig. 8 illustrates the experimental amplitude with (Fig.
8(a)) and without (Fig. 8(b)) pumping. Zero excitation de-
tuning σ= 0 is at linear resonance, obtained experimentally
through a frequency sweep. A distinct increase in ampli-
tude is realized by pumping the system. The resonance width
also appears to broaden slightly. Results are qualitatively in
agreement with theoretical predictions (cf. Fig. 2).
Fig. 9 shows gain as a function of excitation detuning for
the first (Fig. 9(a)) and second (Fig. 9(b)) vibration mode.
The experimental gain is calculated as the pumped transverse
deflection divided by the unpumped transverse deflection.
Gains larger than unity are experimentally realizable for both
the first and second vibration modes. In both cases the gain
reached its maximum slightly below perfect tuning. The gain
magnitudes are not directly comparable, since the closeness
of the pumping to the instability threshold for each vibration
mode may be different. The experimental gain/excitation de-
tuning relationships are slightly asymmetrical as opposed to
the theoretical predictions (Fig. 4), leading to a more abrupt
change in gain magnitude. To the authors knowledge, real-
ization of parametric amplification of the second vibration
mode has not been reported at the macroscale. This realiza-
tion depends on the balance and magnitude scale of the forc-
ing terms. The frequency equation for the second vibration
mode is similar in structure to the one for the first vibration
mode, which can be found from the modulation equations
(11)-(12), and has thus been omitted for brevity; it can be
similarly solved for the amplitude of that mode.
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Fig. 8. Experimentally observed vibration amplitude with pumping
(×), and without pumping (◦) for (a) the first and (b) the second vi-
bration mode. (Tilt angle α= pi4 .)
4.4 Optimal values of excitation parameters
Fig. 10 depicts the gain as a function of the tilt an-
gle. The gain equals unity at α ≈ 0 (19). In theory, the
gain should equal zero at α = pi2 for subthreshold pumping
(cf. (20)). The experimental results indicate that some im-
perfections were present, such as the base-excitation direc-
tion not being exactly parallel to the longitudinal direction of
the cantilever beam, or that the cantilever beam was slightly
crooked. The results are, however, qualitatively in agreement
with theoretical predictions, e.g. Fig. 3, indicating that α has
a significant impact on the resulting gain, which for stronger
pumping Bˆ attains maximum a little below α = pi2 . Fig.
11 shows the gain as a function of the phase φ between di-
rect and parametric excitation. Subthreshold pumping at the
onset of parametric resonance is shown for reference (lower
curve). The gain appears, respectively, symmetric and asym-
metric about φ = pi4 at the onset of instability and slightly
above the instability threshold. Similar theoretical findings
were reported in [7], and in figs. 4(a-f). The larger amplitude
in Fig. 11 appears to produce a larger gain over a larger range
of phase, thus potentially increasing the applicability range
of parametric amplification. Pumping with a value of Bˆ just
below the instability threshold, yielded the curve with square
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Fig. 9. Experimentally observed gain as a function of excitation de-
tuning for (a) the first and (b) the second vibration mode. (Tilt angle
α= pi4 .)
symbols. An increase in pumping amplitude increased the
gain as expected theoretically (18). Parametric attenuation,
i.e. a gain below unity, becomes more challenging to ex-
ploit for superthreshold pumping because the optimum phase
changes, the phase range causing significant attenuation be-
comes smaller, and the sensitivity as a function of changes in
phase increases. It also appears that parametric attenuation is
difficult to realize for very strong pumping, which was also
shown theoretically in figs. 4(g,h).
The experiment confirms that the perfectly tuned case
is phase sensitive for subcritical pumping, that the optimum
phase can change and that both parametric amplification and
attenuation are possible since the obtained gain was both
above and below unity [5, 6], but it also shows that these ob-
servations apparently hold for supercritical pumping as well.
For larger superthreshold pumping, it seems that the phase
dependency gradually disappears. Superthreshold pumping
makes it possible to increase the gain further, thus partly
overcoming the nonlinear effects which reduce the vibration
amplitudes.
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Fig. 10. Experimentally observed gain as a function of tilt angle.
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Fig. 11. Experimentally observed gain GBˆ as a function of phase φ
for pump amplitudes at the onset of instability (); slightly above (◦),
and well above (×) the instability threshold. (Tilt angle α= pi4 .)
5 Conclusions
The phenomenon of parametric amplification was inves-
tigated. In general there was good qualitative agreement be-
tween theoretical predictions and experimental observations.
Specifically, pumped responses were similar, the existence
of an optimal gain was demonstrated in both cases, and sim-
ilar subthreshold pumping symmetric phase-gain relation-
ships were shown. It was found theoretically that an optimal
mix exists between the pumping, the damping coefficient, the
excitation detuning, and the tilt angle. It was demonstrated
experimentally that parametric amplification is possible for
the second vibration mode, and that superthreshold pumping
appears to produce an asymmetric phase-gain relationship;
a broader phase range for which parametric amplification
is realized, whereby the domain of applicability increases;
a narrower phase range for which attenuation is realized; a
higher gain (though nonlinear effects tend to reduce it); and
a change in the optimum phase.
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MACROMECHANICAL PARAMETRIC AMPLIFICATIONWITH A
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Abstract. Parametric amplification is realized by adding parametric excitation to externally
driven near-resonant oscillations. The effect of specific cubic nonlinearities on the paramet-
rically amplified steady-state vibrations and gain is investigated theoretically. Here, gain is
defined as the ratio of steady-state vibration amplitude of the directly and parametrically ex-
cited system, to vibration amplitude of the directly excited only system. The nonlinear effect of
midplane stretching is compared to the effects of nonlinear inertia and curvature. An approx-
imate analytical expression for the vibration amplitude is derived. For a given small level of
transverse displacement for both the cantilever and doubly clamped beam, the effect of mid-
plane stretching is dominant compared to those caused by nonlinear inertia and curvature. It
was found that the beam slenderness ratio can be used as an effective design parameter for
parametric amplifiers.
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1 INTRODUCTION
Parametric excitation appears as time-dependent coefficients in the governing equations.
These coefficients are related to terms associated with stiffness and/or mass [1, 2]. Paramet-
ric pumping, in this context adding parametric excitation to externally driven near-resonant
oscillations, gives parametric amplification as long as the parametric excitation is below the
instability threshold above which parametric resonance occurs. Parametric pumping can occur
for a cantilever beam at twice the resonant frequency [3]. This 2:1 relationship between para-
metric and direct excitation is the simplest parametric amplification scheme [4], referred to as
perfectly tuned or degenerate.
Many linear parametric amplifiers exhibit a narrow bandwidth [5–8]. Recent studies [9–13]
have focused on increasing the gain bandwidth. Here gain is defined as the ratio between the
steady-state vibration amplitudes of the pumped and unpumped system. Common approaches
for increasing the operating bandwidth include techniques such as frequency up-conversion, res-
onance tuning and utilizing nonlinearities: In [9], the nonlinear stiffness of a doubly clamped
beam was considered, showing that the bandwidth of an energy harvester broadened, thus mak-
ing the vibration amplitude less sensitive to a mismatch between the excitation and resonant
frequency. This is advantageous for e.g. energy harvesters, because the ambient motion and
vibration may vary with environment. However [14] reports that nonlinear effects may reduce
the steady-state vibration amplitude for perfectly tuned parametric amplifiers. Realization of
parametric amplification in a macroscale mechanical context was demonstrated in [15], with
subsequent consideration to nonlinear effects on the gain in [16].
This work examines the effect of commonly occurring cubic nonlinearities on the paramet-
rically amplified steady-state vibration amplitude response and gain. Specifically, we consider
the effects of midplane stretching and nonlinear inertia and curvature, relevant with doubly
clamped beams and cantilever beams, respectively. These nonlinearities can yield qualitative
and quantitative different results, depending on e.g. the beam slenderness ratio. In particu-
lar, for similar transverse displacements, the nonlinearity of a doubly clamped beam is much
stronger than for a cantilever beam. Thus, nonlinear effects might be easier utilized (or give
more challenges) for doubly clamped beams. The findings indicate that common nonlinearities
might find application for parametric amplification purposes in mechanics.
2 MODEL SYSTEM
A base-excited doubly clamped beam is considered as a representative model system. We as-
sume that nonlinearities are weak, the beam is slender and elastic, shear deformations, longitu-
dinal and rotatory inertia and gravity can be neglected, and cross section rotations and damping
are small. Parametric amplification is obtained by tilting the doubly clamped beam with respect
to the line of excitation x as shown in Figure 1(b); this arrangement was recently realized in
experimental laboratory setups for investigating macromechanical parametric amplification for
cantilever beams (Figure 1(a), [15, 17, 18]). The imposed base motion xb, with axial and trans-
verse components ub and vb, is provided by a vibration exciter, and the tilt angle α relates the
beam axis to the line of excitation. Using Hamiltons extended principle one obtains a nonlinear
partial differential equation which governs the longitudinal u(s, t) and transverse v(s, t) beam
displacements (with respect to the moving base):
v¨ +
c
ρA
v˙ +
EI
ρA
v′′′′ −
(
1
2l
E
ρ
∫ l
0
(v′)2 ds+ (s− l) u¨b
)
v′′ − (u¨+ u¨b) v′ = −v¨b, (1)
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Figure 1: Base-excited tilted: (a) cantilever beam; (b) doubly clamped beam. Inertial reference coordinates x
and y. Imposed base motion with displacement components uˆb and vˆb, at tilt angle α. Longitudinal uˆ(s, t) and
transverse vˆ(s, t) beam displacements.
where s ∈ [0; l] is the axial coordinate, l the beam length, t is time, ˙(i) and (i)′ denote tem-
poral and spatial derivatives, c is the damping coefficient, ρ the density of the beam, A the
cross-sectional area, E the elastic modulus, and I the area moment of inertia. The axial iner-
tia is considered negligible compared to the transverse inertia, and therefore omitted in sub-
sequent analyses. Introducing nondimensional variables tˆ = t/T , sˆ = s/l, cˆ = cT/ρA,
T =
√
ρAl4/EI , r =
√
I/A, λ = l/r, where T is a characteristic time, r the radius of
gyration of the cross-section, and λ the beam slenderness ratio, into (1), yields corresponding
nondimensional system:
¨ˆv + cˆ ˙ˆv + vˆ′′′′ −
(
1
2
λ2
∫ 1
0
(vˆ′)2 dsˆ+ (sˆ− 1) ¨ˆub
)
vˆ′′ + ¨ˆubvˆ′ = −¨ˆvb, (2)
where vˆ = vˆ(sˆ, tˆ). The base displacement xˆb is assumed to be two-frequency time-harmonic:
xˆb = Aˆ cos(ωˆtˆ+ φ) + Bˆ cos(2ωˆtˆ), (3)
with the components:
uˆb = xˆb sinα, vˆb = xˆb cosα. (4)
Thus, the direct amplitude Aˆ quantifies the part of the shaker input supposed to excite the
lowest beam resonance directly, while the pumping amplitude Bˆ quantifies the shaker input
exciting the beam at primary parametric resonance, i.e. at twice a natural frequency, and φ is
the phase between the parametric and direct excitation. A tilt angle α = 0 refers to a positioning
of the doubly clamped beam where pure external excitation occurs, while for α = ±pi/2, the
excitation is purely parametric. Assuming a single-mode approximation vˆ(sˆ, tˆ) = w(tˆ)Φ(sˆ),
where Φ(sˆ) is the fundamental mode shape, one obtains a ordinary differential equation for the
case of perfect external and parametric tuning:
w¨ + 2εζw˙ +
(
1 + εβ1Ω
2 cos (Ωτ + φ) + εβ2Ω
2 cos (2Ωτ)
)
w + εκ4w
3
= εη1Ω
2 cos (Ωτ + φ) + εη2Ω
2 cos (2Ωτ) , (5)
where β1, β2, κ4, η1 and η2 are defined in Table 1. Here ε bookmark terms assumed to be small,
ζ is the damping ratio, Ω the normalized excitation frequency, and τ the time.
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εη1 = Aˆ cos (α)
∫ 1
0
Φdsˆ, εη2 = 4Bˆ cos (α)
∫ 1
0
Φdsˆ
εβ1 = Aˆ sin (α)
∫ 1
0
Φ′′Φ (sˆ− 1) dsˆ, εβ2 = 4Bˆ sin (α)
∫ 1
0
Φ′′Φ (sˆ− 1) dsˆ
εω2κ4 = −12λ2
∫ 1
0
Φ′′Φdsˆ
∫ 1
0
(Φ′)2 dsˆ, ω2 =
∫ 1
0
Φ′′′′Φdsˆ,
∫ 1
0
Φ2dsˆ = 1
Ω = ωˆ/ω, εζ = cˆ/2ω, τ = ωtˆ, ˙(i) = d(i)/dτ
Φ = cosh (χsˆ)− cos (χsˆ)− coshχ−cosχ
sinhχ−sinχ (sinh (χsˆ)− sin (χsˆ))
cosχn coshχn = 1, χ1 ≈ 4.73
Table 1: Nondimensional parameters.
3 THEORETICAL PREDICTIONS
3.1 Steady-state model response
Using the method of multiple scales [1], we introduce a uniformly valid expansion w(t) =
w0(T0, T1) + εw1(T0, T1) + O(ε
2), where the fast time T0 ≡ t and the slow time T1 ≡ εt are
considered independent, and ε  1. Considering the case of combined direct and parametric
primary resonance, i.e. Ω = 1 + εσ, where σ quantifies the detuning from the fundamental
unperturbed natural frequency, and following the standard procedure, the perturbation solution
becomes, to first order:
w(t) = a cos (Ωt− ψ) + ε
[
1
6
Ω2β1a cos (2Ωt+ φ− ψ) + 1
16
Ω2β2a cos (3Ωt− ψ)
−1
3
Ω2η2 cos (2Ωt) +
1
32
κ4a
3 cos (3Ωt− ψ)
]
+O(ε2), (6)
where the steady-state values of the modal amplitude a and phase ψ are solutions of nonlinear
algebraic equations:
a =
1
2
Ω2η1
√(
ζ − 1
4
Ω2β2 sin (2φ)
)2
+
(
Ω− 1 + 1
4
Ω2β2 cos (2φ)− 38κ4a2
)2∣∣∣ζ2 − (14Ω2β2)2 + (Ω− 1− 38κ4a2)2∣∣∣ , (7)
ψ = arctan
( 1
4
Ω2β2 sin (2φ)− ζ
1
4
Ω2β2 cos (2φ) + Ω− 1− 38κ4a2
)
− φ. (8)
Similar expressions for the amplitude and phase has been derived for a cantilever beam [18],
using the lumped-mass model derived by Kumar et al. in [16]. The only difference, as com-
pared to the doubly clamped beam, is in the mode shape functions and the definition on cubic
nonlinearities.
For the linearized system (κ4 = 0) the steady-state vibration amplitude a is given explicitly
by (7), while with nonlinear midplane stretching (7) is a cubic polynomial in a2 to be solved
for a. The resulting steady-state vibration amplitudes for the cantilever beam and the doubly
clamped beam are not directly comparable, since the frequency content differ, and the responses
of the beams need to be compared at different positions due to their respective mode shapes.
To facilitate comparison, we choose to calculate the maximum transverse displacement of both
beams, occuring at sˆ = 1 and sˆ = 1/2 for the cantilever and doubly clamped beam, respec-
tively. With similar parameters, the transverse displacement will be largest for the cantilever
beam; thus, the maximum displacement of the fundamental harmonic (ε = 0 in (6)) for the
doubly clamped beam was chosen for reference, and the direct excitation amplitude for the can-
tilever beam was adjusted accordingly. These results were divided by
√
2 in order to compare
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with results obtained by direct numerical integration, for which the RMS values were computed.
Computing the RMS values was done to compensate for the possibly asymmetrical steady-state
vibration amplitudes and multi-frequency content. It is not required for the present analysis
since Bˆ = 0, but nevertheless chosen so to ease comparison with subsequent analyses where
the pumping amplitude Bˆ > 0.
Results were multiplied with the beams respective mode shape functions, in turn yielding the
frequency responses for displacements as shown in Figures 2(a,b). Approximate analytical and
numerical results are seen to agree well for both the cantilever beam and doubly clamped beam.
Results for the cantilever and doubly clamped beam are plotted separately, to emphasize that
their responses are for different resonant frequencies, and still not directly comparable. How-
ever, some qualitative conclusions can be made: The nonlinear effects of the cantilever beam
are negligible at small displacements (here below 5% of the beam length), i.e. the backbone is
practically vertical (Figure 2(a)), whereas midplane stretching effectively reduces the vibration
amplitude, and significantly increases the resonant bandwidth, including overhang, of the dou-
bly clamped beam (Figure 2(b)). The effect of nonlinearity on the cantilever beam response,
for larger displacements, is shown in the insert in Figure 2(a). For these small displacements,
the cantilever beam response is unaffected by a change in slenderness ratio, but for the doubly
clamped beam, the vibration amplitude and the resonant bandwidth changes. The beam slen-
derness ratio is thereby an effective way of adapting the response of parametric amplifiers for
different resonant characteristics.
In the perfectly tuned case, i.e. a 2:1 relationship between the parametric and direct ex-
citation, an excitation phase dependency exists, as illustrated in Figures 3(a,b). From Figure
3(a) it appears that the nonlinear and linearized cases are almost identical. This is expected
since the cantilever beam operates in its linear range as noted above. A minimum and maxi-
mum is observed at pi/4 and −pi/4, respectively, repeating with period pi. For the linearized
case, these predictions have been identified previously [15]. A symmetrical relationship is ob-
served between the displacement and phase, centered at the maximum or minimum. For the
doubly clamped beam, however, Figure 3(b) indicates that an asymmetrical relationship exists
between the displacement and phase, and that it is adjustable through the beam slenderness ra-
tio. Increasing the slenderness ratio appears to reduce the transverse displacement at the beams
midpoint; reflecting that more slender doubly clamped beams have their resonance frequency
shifted further away from Ω = 1, cf. Figure 3(b).
3.2 Gain
For calculating gain, it is not needed to consider varying frequency content and beam posi-
tions as done previously; these effects cancel each other out. We use the definition of the gain:
G ≡ apumped/aunpumped, as proposed in [3], i.e. gain is the ratio of steady-state vibration am-
plitude of the directly and parametrically excited system, to vibration amplitude of the directly
excited only system. Increasing the direct excitation only has no effect on the gain, and zero
pumping yields a gain of unity. For a cantilever beam it means that the gain can only be adjusted
through the parametric excitation, see Figure 4(a). For a doubly clamped beam, however, the
gain can be adjusted via the beam slenderness ratio — not only with respect to the magnitude
of the gain, but also in terms of sensitivity towards changes in phase, as seen in Figure 4(b).
This may be advantageous for e.g. sensors, since one can easily adjust response curves. The
authors are currently investigating the relationship between the gain and input phase for increas-
ing pumping amplitudes, and for beam slenderness ratios considerably higher than used in this
work; preliminary results indicate qualitatively different behaviour. The theoretical predictions
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Figure 2: Steady-state vibration displacement vˆrmsmax(sˆ) as a function of excitation frequency Ω, obtained by per-
turbation analysis (lines) and by direct numerical integration (×) (of (5) for (b) and the similar equation in [18]
for (a)): (a) cantilever beam, sˆ = 1; (b) doubly clamped beam, direct numerical integration (×) of , sˆ = 1/2.
Beam slenderness ratio: λ = 22 ( ), λ = 31 ( ), and λ = 37 ( ). For (a) and (b): backbone ( ),
Aˆ = 0.0058, Bˆ = 0, ζ = 0.05, φ = −pi/4, α = pi/4.
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Figure 3: Steady-state vibration displacement vˆrmsmax(sˆ) as a function of phase φ, obtained by perturbation analysis
for: (a) cantilever beam. Nonlinear ( ) and linearized ( ); (b) doubly clamped beam. For (a) and (b):
Bˆ = 0.004, Ω = 1; other parameters as for Figure 2.
are also tested experimentally.
4 CONCLUSIONS
We compared theoretically the effect of specific cubic nonlinearities on the parametrically
amplified vibration amplitude and gain. An analytical expression for the vibration amplitude
was derived. For a given small level of transverse displacement for both the cantilever and
doubly clamped beam, the effect of midplane stretching is dominant, compared to those caused
by nonlinear inertia and curvature. For this level of transverse displacement, the cantilever
beam effectively operates in its linear regime. For a doubly clamped beam, it was found that
the slenderness ratio can sensitively change the output amplitude and gain, and thus be used as
an effective design parameter for parametric amplifiers.
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Figure 4: Gain as a function of phase φ, obtained by perturbation analysis for: (a) cantilever beam; (b) doubly
clamped beam. For (a) and (b): Ω = 1, Bˆ = 0.004 except Bˆ = 0 ( ); other parameters as for Figure 2.
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Jumps and bi-stability in the phase-gain characteristics
of a nonlinear parametric amplifier
Stefan Neumeyer∗, Ruud van de Looij∗∗ and Jon Juel Thomsen∗
∗Department of Mechanical Engineering, Technical University of Denmark, Denmark
∗∗Department of Mechanical Engineering, Eindhoven University of Technology, The Netherlands
Summary. This work experimentally investigates the impact of nonlinearity on macromechanical parametric amplification. For a
strong cubic stiffness nonlinearity we observe jumps in gain (ratio of steady-state vibration amplitude of the externally and paramet-
rically excited system, to vibration amplitude of the externally excited only system) as function of the phase between the external and
parametric excitation. These jumps occur at different phase values dependent on up- and downsweeps. Furthermore, an increasing
asymmetric phase-gain relationship was observed for strong nonlinearity.
Introduction
In [1] linear macroscale mechanical parametric amplification was investigated. Subsequently [2, 3] included nonlinear
curvature and inertia effects. A theoretical treatment of the impact of cubic nonlinearity on parametric amplification
was given in [4]. Midplane stretching in a doubly clamped beam, and nonlinear inertia and curvature in a cantilever
beam, result in quantitatively different gains [5], although these types of nonlinearities are of the same order. Here, we
experimentally investigate the impact of nonlinearity on macromechanical parametric amplification. This is done with a
prestretched doubly clamped beam; A doubly clamped beam has a strong cubic nonlinearity as compared to e.g. nonlinear
inertia and curvature of a cantilever beam, while prestretching allows one to increase or decrease the nonlinearity.
Experimental setup
Parametric amplification can e.g. be realized by applying a base-excitation, xb = C1 sin (Ωτ + φ) + C2 sin (2Ωτ) with
individual amplitudes C1 and C2, and a phase φ, and tilting the doubly clamped beam with respect to the line of base-
excitation xb as depicted in Fig. 1(a). The tilt angles α = 0 and α = ±pi/2 produce pure external and parametric
excitation, respectively. A tilt angle different from these values makes parametric amplification possible. The experiments
were done with a test rig similar to the one shown in Fig. 1(b). For now it appears to be difficult to realize parametric
pumping with a doubly clamped macroscale steel beam. Thus, a rubber band with a midpoint mass was used to increase
the gain.
Results
For an exact two-to-one ratio between the subthreshold parametric pumping and external excitation frequency, also refered
to as a degenerate case, and four different levels of prestretching, results as shown in Figs. 2(a-d) were obtained. In the first
case, Fig. 2(a), a large amount of prestretching was applied. Thus, one would expect a linear response, which indeed is
obtained since a symmetric and injective phase-gain relationship is observed [1-5]. Reducing the amount of prestretching
results in a more asymmetric phase-gain relationship, which was also reported in [2, 4] for weak cubic nonlinearities, and
in [5] for strong cubic nonlinearities. From Figs. 2(a-d) it is observed, that the range within which the gain is larger than
unity reduces for less prestretching. This is expected, since strong nonlinearity reduces the pumped vibration amplitude.
The main contribution of this work is, however, the observation of jumps and bi-stability in the phase-gain characteristics.
Switching between the bi-stable solutions were not only measured by sensors, but also visible to the naked eye. In Fig.
x
y
uv
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vb
xb
Γ0 > 0
(a)
Γ0 = 0
Figure 1: Base-excited tilted prestretched doubly clamped beam. (a) Schematic with reference coordinates x and y. Base-
excitation xb with components vb and ub, prestretch force Γ0, and tilt angle α. Longitudinal u and transvere v moving
frame deformation; (b) Fixture attached to shaker with a prestretch mechanism.
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Figure 2: Experimentally observed gain as function of phase for various levels of prestretching: (a) largest prestretching;
(b) medium prestretching; (c) little prestretching; (d) minimal prestretching. Upsweep B and downsweep C. Dash-dotted
lines represent jumps.
2(b) we observe a bi-stable gain for certain phase values. In Fig. 2(c), with less prestretching, there appears to be two
hysteresis loops, covering regions of bi-stability. Note that some measurements are missing in Figs. 2(b-d) in order to
reflect periodic behaviour; this is ongoing work. Comparing Figs. 2(a-d), the bi-stable response curves appear to collapse
for strong nonlinearity (less prestretching), creating a gain characteristic somewhat less dependent on the phase.
Closing remarks
The impact of nonlinearity on a macroscale mechanical parametric amplifier was investigated experimentally with a
prestretched doubly clamped beam. Jumps in the phase-gain characteristics were observed alongside an increasing asym-
metric phase-gain relationship for strong nonlinearity. The work is in progress, currently involving further theoretical
and experimental examination of phase-gain characteristics as function of external/parametric excitation ratio, and super-
threshold parametric pumping. Furthermore, we are currently studying the correlation between the jump phenomenon
presented here, and the ones occurring in the classical vibration frequency-amplitude response for nonlinear systems,
using a generic mathematical model.
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Effects of quadratic and cubic nonlinearities on a
perfectly tuned parametric amplifier
S. Neumeyer, V. S. Sorokin, J. J. Thomsen
Department of Mechanical Engineering, Solid Mechanics,
Technical University of Denmark, Denmark
Abstract
We consider the performance of a parametric amplifier with perfect tuning
(two-to-one ratio between the parametric and direct excitation frequencies)
and quadratic and cubic nonlinearities. A forced Duffing-Mathieu equation
with appended quadratic nonlinearity is considered as the model system, and
approximate analytical steady-state solutions and corresponding stabilities
are obtained by the method of varying amplitudes. Some general effects of
pure quadratic, and mixed quadratic and cubic nonlinearities on parametric
amplification are shown. In particular, the effects of mixed quadratic and
cubic nonlinearities may generate additional amplitude-frequency solutions.
In this case an increased response and a more phase sensitive amplitude
(phase between excitation frequencies) is obtained, as compared to the case
with either pure quadratic or cubic nonlinearity. Furthermore, jumps and
bi-stability in the amplitude-phase characteristics are predicted, supporting
previously reported experimental observations.
Keywords: parametric amplification, quadratic and cubic nonlinearities,
method of varying amplitudes
1. Introduction
Parametrically amplifying (adding parametric to direct excitation for
boosting resonant oscillations) microelectromechanical resonators, which in
recent years have been used for filtering and sensoring [1, 2], can be advanta-
geous for signal amplification [3], and appear promising for energy harvesting
[4, 5]. They can conveniently be modelled with an appended cubic nonlinear-
ity [6, 7], reflecting the symmetric effects of nonlinear curvature or midplane
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stretching [8], with the nonlinear effects being comparably stronger due to
the small length scale [9]. The effects of pure cubic nonlinearity for a para-
metric amplifier have been investigated in [10].
The effect of mixed quadratic and cubic nonlinearities is considered in
the present work for two reasons. First, the quadratic nonlinearity can con-
veniently be introduced alongside the cubic nonlinearity as a correction term
of the mathematical model. In this way it appears in the governing equa-
tion of motion as small compared to the cubic term. Secondly, the study of
relatively strong quadratic nonlinearity is also relevant because it can model
an asymmetry in restoring forces of elastic structures [11, 12], e.g. due to
buckling or initial curvature. The quadratic nonlinearity may even overcome
the cubic nonlinearity, if the static deflection is large, or when the beam is
very slender [13]. Therefore this study is motivated by an interest in general
effects on parametric amplifiers, of both pure quadratic nonlinearity, and
mixed quadratic and cubic nonlinearities.
Several works report on combined parametric and direct excitation in-
cluding quadratic and cubic nonlinearities [14–16]. Commonly a perturba-
tion method is applied, assuming damping, nonlinear, and excitation terms
to be small, and that subthreshold (response dominated by the direct ex-
citation component) pumping (adding parametric excitation) is applied. In
some cases it is also assumed that the quadratic nonlinearity is smaller than
the cubic nonlinearity, e.g. [17]. The present work considers both when the
quadratic nonlinearity is smaller and larger than the cubic nonlinearity, and
focuses on superthreshold pumping (parametric instability threshold associ-
ated with an Arnold tongue). Superthreshold pumping is of interest because
of the potentially higher achievable gains [10], as compared to being operated
below their linear instability threshold, i.e. for subthreshold pumping.
The present study provides essential insights into the effects of mixed
quadratic and cubic nonlinearities on parametric amplifiers. For instance
it reveals a change in the number of amplitude-frequency solutions due to
nonlinear effects and explains previously observed experimental jumps and
bi-stability in the amplitude-phase characteristics [18].
In Sect. 2 a model system is proposed and the corresponding approximate
analytical steady-state vibration amplitude is solved for using the method of
varying amplitudes (MVA), for the cases of pure as well as mixed cubic and
quadratic nonlinearities. In Sect. 3 these approximate analytical results are
compared with results of direct numerical integration, showing good agree-
ment. In Sect. 4 main conclusions of the paper are outlined.
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2. Steady-state response analysis
A forced Duffing-Mathieu equation with unit-normalized linear natural
frequency and additional quadratic nonlinearity is investigated:
x¨+ βx˙+
(
1 + p cos (2Ωt)
)
x+ k2x
2 + k3x
3 = d cos (Ωt+ φ) , (1)
where ˙(x) denotes temporal derivatives, β = 2ζ where ζ is the damping
ratio, k2 is a quadratic nonlinearity coefficient, k3 is a cubic nonlinearity
coefficient, (. . .)x describes the linear elastic restoring force, p is a parametric
excitation amplitude, d is a direct excitation amplitude, t is time, and φ is
the phase between the external and parametric excitation. A similar system
but without quadratic nonlinearity has been investigated in [10]. It is the
simplest one degree of freedom system which captures the effects of linear
damping, quadratic and cubic nonlinearities, and which has both direct and
parametric excitation, which are necessary for a parametric amplifier. Such
a system is also physically easy to realize approximately [19–22].
To solve the steady-state oscillations x(t) of (1) approximately, the MVA
is employed, as proposed in [23] (confer also e.g. [24]), where one assumes a
harmonic series solution form:
x(t) =
n∑
m=0
Am1(t) cos (mΩt) + Am2(t) sin (mΩt) , (2)
where the amplitudes Am1 and Am2 are time-varying, and not required to
vary slowly. This is contrary to the method of harmonic balance, where the
coefficients Am1 and Am2 would be constants and (2) an approximation. The
allowed time dependency of Am1 and Am2 means that (2) merely represents
a shift of variables, by which the solution form (2) is exact for any value of
n. The transition from x to 2n + 1 new variables, Am1 and Am2 (A02 = 0),
implies that a total of 2n + 1 equations are needed. Inserting (2) into (1)
and requiring the coefficients of the involved harmonic terms to vanish iden-
tically, we introduce 2n additional equations; equation 2n + 1 then includes
the remaining harmonic terms, including those having order higher than n.
Considering n = 2 and thus the first three harmonics in (2), yields:
x(t) = A01(t) + A11(t) cos (Ωt) + A12(t) sin (Ωt)
+ A21(t) cos (2Ωt) + A22(t) sin (2Ωt) , (3)
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and one obtains the following five equations with five variables A11, A12, A21,
A22, and A01 to solve for:
A¨11 + βA˙11 + 2ΩA˙12 + βΩA12 + A11
(
1− Ω2 + 1
2
p+ 2k2A01 + 3k3A
2
01
)
+ (3k3A01 + k2) (A11A21 + A12A22)
+ 3
2
k3A11
(
1
2
(
A211 + A
2
12
)
+ A221 + A
2
22
)
= d cos (φ) , (4)
A¨12 + βA˙12 − 2ΩA˙11 − βΩA11 + A12
(
1− Ω2 − 1
2
p+ 2k2A01 + 3k3A
2
01
)
+ (3k3A01 + k2) (A11A22 − A12A21)
+ 3
2
k3A12
(
1
2
(
A211 + A
2
12
)
+ A221 + A
2
22
)
= −d sin (φ) , (5)
A¨21 + βA˙21 + 4ΩA˙22 + A21 + pA01 + 2Ω (βA22 − 2ΩA21)
+ 1
2
k2
(
A211 − A221 + 4A01A21
)
+3k3A21
(
1
4
(
A221 + A
2
22
)
+ 1
2
(
A211 + A
2
12
)
+ A201
)
+ 3
2
k3A01
(
A211 − A212
)
= 0, (6)
A¨22 + βA˙22 − 4ΩA˙21 − 2βΩA21
+ A11A12 (k2 + 3k3A01) + A22
(
1− 4Ω2 + 2k2A01
)
+ 3k3A22
(
1
4
(
A221 + A
2
22
)
+ 1
2
(
A211 + A
2
12
)
+ A201
)
= 0, (7)
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A¨01 + βA˙01 + A01 +
1
2
pA21 +
3
2
k3A11A12A22
+ 3
4
k3A21
(
A211 − A212
)
+ k2
(
1
2
(
A211 + A
2
21 + A
2
22
)
+ A201
)
+k3A01
(
3
2
(
A211 + A
2
12 + A
2
21 + A
2
22
)
+ A201
)
=
− 1
4
({
k3A
3
11 − 2A12 (2k2 + 6k3A01 − 3k3A21)A22
+A11
[
2 (p+ 2k2A21)− 3k3
(
A212 − A21 (4A01 + A21) + A222
)]}
cos (3Ωt)
+
{
A21
(
3k3A
2
11 − 3k3A212 + 2 [p+ (k2 + 3k3A01)A21]
)
−6k3A11A12A22 − 2 (k2 + 3k3A01)A222
}
cos (4Ωt)
+ 3k3
{−2A12A21A22 + A11 (A221 − A222)} cos (5Ωt)
+ k3A21
{
A221 − 3A222
}
cos (6Ωt)
+
{−k3A312 + 2A11 (2k2 + 6k3A01 + 3k3A21)A22 + A12 [2 (p+ 2k2A21)
+3k3
(
A211 + 4A01A21 − A221 + A222
)]}
sin (3Ωt)
+
{
6k3A11A12A21 +
[
2p+ 3k3A
2
11 − 3k3A212 + 4 (k2 + 3k3A01)A21
]
A22
}
sin (4Ωt)
+ 3k3
{
2A11A21A22 + A12
(
A221 − A222
)}
sin (5Ωt)
−k3A22
{−3A221 + A222} sin (6Ωt)) . (8)
Eqs. (4)-(8) cannot be solved exactly. To obtain approximate analytical
solutions we neglect higher (> n) harmonics in (8), i.e. all of the right-hand
side, so that:
A¨01 + βA˙01 + A01 +
1
2
pA21 +
3
2
k3A11A12A22
+ 3
4
k3A21
(
A211 − A212
)
+ k2
(
1
2
(
A211 + A
2
21 + A
2
22
)
+ A201
)
+ k3A01
(
3
2
(
A211 + A
2
12 + A
2
21 + A
2
22
)
+ A201
)
= 0. (9)
This simplification is adequate when in (1) the quadratic nonlinearity term
k2x
2, the cubic nonlinearity term k3x
3, and the linear parametric excitation
term px are small compared to the linear restoring term x. Steady-state
solutions are obtained by requiring all time derivatives in (4)-(7), (9) to
vanish, so that:
βΩA12 + A11
(
1− Ω2 + 1
2
p+ 2k2A01 + 3k3A
2
01
)
+ (3k3A01 + k2) (A11A21 + A12A22)
+ 3
2
k3A11
(
1
2
(
A211 + A
2
12
)
+ A221 + A
2
22
)
= d cos (φ) , (10)
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− βΩA11 + A12
(
1− Ω2 − 1
2
p+ 2k2A01 + 3k3A
2
01
)
+ (3k3A01 + k2) (A11A22 − A12A21)
+ 3
2
k3A12
(
1
2
(
A211 + A
2
12
)
+ A221 + A
2
22
)
= −d sin (φ) , (11)
A21 + pA01 + 2Ω (βA22 − 2ΩA21)
+ 1
2
k2
(
A211 − A221 + 4A01A21
)
+3k3A21
(
1
4
(
A221 + A
2
22
)
+ 1
2
(
A211 + A
2
12
)
+ A201
)
+ 3
2
k3A01
(
A211 − A212
)
= 0, (12)
− 2βΩA21 + A11A12 (k2 + 3k3A01) + A22
(
1− 4Ω2 + 2k2A01
)
+ 3k3A22
(
1
4
(
A221 + A
2
22
)
+ 1
2
(
A211 + A
2
12
)
+ A201
)
= 0, (13)
A01 +
1
2
pA21 +
3
2
k3A11A12A22
+ 3
4
k3A21
(
A211 − A212
)
+ k2
(
1
2
(
A211 + A
2
21 + A
2
22
)
+ A201
)
+ k3A01
(
3
2
(
A211 + A
2
12 + A
2
21 + A
2
22
)
+ A201
)
= 0, (14)
from which the steady-state amplitudes A11, A12, A21, A22, and A01 can be
determined analytically. Note that considering n = 1 in (2) is sufficient for
pure cubic nonlinearity, in order to obtain a good agreement between the
approximate analytical results, and the corresponding results obtained by
direct numerical integration. In the case of pure quadratic nonlinearity, how-
ever, one needs at least n = 2, otherwise the softening effect will remain a
part of the higher (> n) harmonics, which is neglected in (9).
Since Am1 and Am2 for m > 0 are amplitudes of the time harmonic re-
sponse (cf. (2)), eqs. (10)-(14) can be used to calculate frequency responses,
and thus to assess the effects of quadratic and cubic nonlinearities on a per-
fectly tuned parametric amplifier. Explicit expressions for the amplitudes
Am1 and Am2 are determined from (10)-(14) approximately by neglecting
nonlinearities in A21, A22, and A01. Confer the appendix where A21, A22, A0,
and equations to solve A11 and A12 for, are given. Solving for A11 and A12
yields lenghty expressions which provide no further insight and are therefore
not shown. The approximate analytical steady-state amplitude a is also here
computed as the absolute maximum of x(t) (cf. (2)). The response x(t)
is also found by direct numerical integration of (1), and the corresponding
steady-state amplitude is computed as the absolute maximum of x(t). The
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steady-state amplitude-frequency solutions could also have been obtained us-
ing the method of harmonic balance [25]. However, the MVA also provides
the modulation equations (4)-(7), (9) from which stability of the steady-state
solutions can be determined by evaluating Jacobian eigenvalues. This illus-
trates one of the main advantages of the MVA over the harmonic balance
method. Another important advantage is that the MVA allows to obtain not
only pure periodic solutions (as the harmonic balance method does), but also
quasi-periodic solutions. In some cases all solutions can be obtained [23, 26–
28]. These advantages exist because the MVA, in contrast to the harmonic
balance method, does not imply the amplitudes in the solution series to be
constants. Backbones are derived by zeroing the forcing and damping terms.
3. Results
Fig. 1 shows various steady-state amplitude-frequency relations for sub-
and superthreshold pumping in the case of no nonlinearity, pure cubic non-
linearity, pure quadratic nonlinearity, and mixed cubic and quadratic nonlin-
earities. Fig. 1(a) shows that classical responses with softening or hardening
are obtained for subthreshold pumping. In the case of pure quadratic nonlin-
earity, the backbone to the left is obtained by direct numerical integration,
whereas the one to the right is obtained using the MVA. The discrepancy for
the latter is due to neglecting nonlinearities in amplitudes A21, A22, and A01,
as mentioned in Sect. 2. Note also that for the backbones, the amplitude
equals zero at the linear natural frequency and approaches infinity in the
linear case, as would be expected. Fig. 1(b) depicts linear superthreshold
pumping. As compared to the subthreshold case, an extra peak emerges, and
the solutions are now dominated by the parametric excitation component.
Fig. 1(c) shows superthreshold pumping with pure cubic nonlinearity. Con-
trary to the classical hardened Duffing response where the lower solution on
the peak is unstable, here the lower solution on the upper peak is stable. This
observation has been reported previously [10]. Fig. 1(d) shows superthresh-
old pumping with pure quadratic nonlinearity. The response is similar to
that of negative cubic nonlinearity (softening) and opposite of positive cubic
nonlinearity (hardening). As in the case with pure cubic nonlinearity, the
shift from sub- to superthreshold pumping results in the emergence of an ex-
tra peak, and a partial shift in stability of the solutions. A good agreement
between results of direct numerical simulation and approximate analytical
results is obtained in all of the above cases. Results of superthreshold pump-
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(b)
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0.2
0.4
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0.8
1
Ω
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(c)
(d) Figure 1: Steady-state amplitude-frequency relations showing (a) subthreshold (p = 0.01)
quadratic (k2 = 0.3, k3 = 0) and cubic (k2 = 0, k3 = 0.5) responses, and their respective
backbones (b) linear (k2 = k3 = 0) superthreshold (p = 0.1) response (c) pure cubic (k2 =
0, k3 = 0.3) superthreshold response (d) pure quadratic (k2 = 0.3, k3 = 0) superthreshold
response. Solid blue curve and solid red curve with squares respectively denote stable
and unstable approximate analytical results. Solid black curves denote backbones. Circles
denote results obtained by direct numerical integration of (1). (φ = −pi/4, β = 0.01,
d = 0.01).
ing with cubic nonlinearity and a quadratic nonlinearity correction term are
not shown in the figures; the otherwise hardened response, due to a positive
cubic nonlinearity, simply becomes less hardened. This is similarly the case
with subthreshold pumping.
Fig. 2 presents the response for mixed quadratic and cubic nonlinear-
ities for sub- and superthreshold pumping where, respectively, below and
above unit amplitude the quadratic and cubic nonlinearities dominate the
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Figure 2: Steady-state amplitude-frequency relations with mixed quadratic and cubic non-
linearities (k2 = 0.3, k3 = 0.05) for (a) sub- and (b) superthreshold pumping. Parameter
values and markers as used in Fig. 1 unless stated otherwise.
response. The results in Fig. 2(a) for subthreshold pumping have been re-
ported elsewhere [16], except than in our case the unstable solution on the
upper part of the peak is too close to the stable solution to be visible. The
insert shows that the approximate analytical response x(t) as given by (2), of
which the absolute maximum value is chosen as the amplitude a, is slightly
anharmonic lacking symmetry with respect to x = 0. That is, even harmon-
ics are present, but it is still reasonable to choose the absolute maximum
value of the response x(t) as the amplitude a, since the approximate analyti-
cal response and the response obtained through direct numerical integration
are similar. For superthreshold pumping (Fig. 2(b)) the response becomes
more intricate: Two additional solutions emerge, compared to the case of
superthreshold pumping with pure cubic nonlinearity in which a maximum
of five solutions coexist (Fig. 1(c)), so that a maximum of seven solutions
coexist, e.g. for Ω = 1. The number of steady-state solutions depends e.g.
on the damping ζ, the quadratic k2 and cubic k3 nonlinearities, and the para-
metric excitation amplitude p. This change can be observed by comparing
figs. 2(a,b) (or figs. 3(a,b), 4(a-d), or 5(a,b)). For lower amplitudes (below
the dashed line in Fig. 2(b)), the stability of the peaks is similar to the case
of pure quadratic nonlinearity (Fig. 1(d)), and for higher amplitudes similar
to the case of pure cubic nonlinearity (Fig. 1(c)). Even though the ampli-
tude is large and the analytical solution is approximate, it is still validated
by results of direct numerical integration.
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Fig. 3 depicts the case where the effects of quadratic and cubic nonlin-
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(a)
0.8 0.9 1 1.1 1.2
0
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(b)
Figure 3: Steady-state amplitude-frequency relations where the effects of quadratic and
cubic nonlinearities cancel out for a < 1 (k2 = 0.3, k3 = 0.1) for (a) sub- and (b) su-
perthreshold pumping where the insert in (a) shows the response x(t) and the insert in
(b) is a blow up. Parameter values and markers as used in Fig. 1 unless stated otherwise.
earities cancel out for amplitudes smaller than unity, i.e. a close to linear
response is obtained for an extended range of amplitudes as compared to
when the effects of quadratic and cubic nonlinearities do not cancel out. Fig.
3(a) shows the response for subthreshold pumping whereas Fig. 3(b) shows
the response for superthreshold pumping. The insert in Fig. 3(a) shows that
the response x(t) is almost symmetric with respect to x = 0. Significantly
larger amplitudes than for pure quadratic or cubic nonlinearity (figs. 1(c,d)),
are obtained in both cases. This could be useful for e.g. sensor applications
and energy harvesters utilizing parametric amplification. Besides the benefits
of tuning the device such that a higher steady-state amplitude is realized,
the obtained response of a parametric amplifier is also of general interest,
since one may encounter systems where the effect of quadratic nonlinearity
cancels that of the cubic nonlinearity, or even becomes dominant [11–13], as
also mentioned in the introduction. Note that the stability of the solutions
is different than for the linear case (Fig. 1(b)).
Fig. 4 presents steady-state amplitude-frequency relations for paramet-
ric excitation p ranging from sub- to superthreshold pumping. The response
for p ' 0 in each subfigure is for subthreshold pumping, whereas the two
other responses in each figure are for superthreshold pumping, as can also
be seen by the emergence of additional solutions. Fig. 4(a) shows the linear
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Figure 4: Steady-state amplitude-frequency relations for parametric excitation amplitude
for (a) linear (k2 = k3 = 0) (b) pure cubic nonlinearity (k2 = 0, k3 = 0.5) (c) pure
quadratic nonlinearity (k2 = 0.3, k3 = 0) (d) quadratic and cubic nonlinearities (k2 = 0.3,
k3 = 0.08). Parameter values and markers as used in Fig. 1 unless stated otherwise.
case. The minimum of the unstable response, i.e. the response at Ω ≈ 1,
lowers with increasing pumping, and the frequency separation between the
peaks on each response curve increases with increasing pumping. Figs. 4(b-
d) show, respectively, in the case of pure cubic nonlinearity, pure quadratic
nonlinearity, and for mixed cubic and quadratic nonlinearities, a transition
from sub- to superthreshold pumping where the peak separation increase
with increased pumping, as in the linear case.
Fig. 5 shows steady-state subthreshold amplitude-phase relations for
pure quadratic, pure cubic, and various combinations of mixed quadratic
and cubic nonlinearities. Fig. 5(a) reveals that for almost any phase φ the
largest response is obtained in the linear case. Nonlinear effects reduce the
amplitude, both in the case of pure quadratic nonlinearities, pure cubic non-
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Figure 5: Steady-state subthreshold amplitude-phase relations for (a) linear (k2 = k3 = 0),
pure quadratic (k2 = 0.3, k3 = 0), pure cubic (k2 = 0, k3 = 0.1), and mixed quadratic
and cubic nonlinearities (k2 = 0.3, k3 = 0.1) (b) mixed quadratic and cubic nonlinearities
(k2 = 0.3, k3 = 0.08). (Ω = 1.) Parameter values and markers as used in Fig. 1 unless
stated otherwise.
linearities, or mixed quadratic and cubic nonlinearities. Fig. 5(b) depicts a
case where the effects of quadratic and cubic nonlinearities cancel near Ω ≈ 1.
A significant increase in respons is obtained; the maximum magnitude of the
response is almost the same as in the linear case. But at the same time the
amplitude-phase response differs qualitatively from the linear one; jumps and
bi-stability are observed, similar to experimental results [18]. In all cases a
good agreement between analytical approximate results and results of direct
numerical integration is obtained. In general it is observed that with increas-
ing nonlinear coefficients, the amplitude becomes less phase sensitive, except
in the case where the effects of quadratic and cubic nonlinearities cancel out;
here the amplitude can be even as sensitive as in the linear case. Steady-state
superthreshold amplitude-phase relations are not shown since superthreshold
parametric pumping appears to yield a phase-insensitive response.
4. Conclusions
The effects of quadratic and cubic nonlinearities on the response of a
parametric amplifier were investigated. These effects are often inherently
present for real amplifiers, but can also be purposefully introduced and uti-
lized. Approximate analytical steady-state responses were obtained by the
method of varying amplitudes and compared to results of direct numerical
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integration, showing good agreement. Mixed quadratic and cubic nonlineari-
ties may generate additional amplitude-frequency solutions. When the effects
of quadratic and cubic nonlinearities cancel out, a significantly increased re-
sponse with a more phase sensitive amplitude is obtained, as compared to
the case with pure quadratic or cubic nonlinearity. Jumps and bi-stability in
the amplitude-phase characteristics were predicted theoretically, supporting
previously reported experimental findings.
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Appendix
Steady-state amplitudes A21, A22, and A01 are given below. Steady-state amplitudes
A11 and A12 can be obtained by inserting (15)-(18) and (21) into (19) and (20) and solving
for A11 and A12.
A21 = 6Γ
[
k3 (p− 1)A411 +
2
3
(
4Ω2 (1− p) + p− 1)A211 + 83βΩA11A12
+ (p+ 1)
(
k3A
2
12 −
8
3
Ω2 +
2
3
)
A212
]
(15)
A22 = 4Γ
[
3
2
k3 (p− 2)A311A12 + 2βΩ (p− 1)A211 +
(
−3
2
k3 (p+ 2)A
2
12 + p
2 + 8Ω2 − 2
)
A11A12
+2A212β (p+ 1) Ω
]
(16)
A01 = 3Γ
[
−3
2
k23A
6
11 + k3
(
p− 3− 9
2
k3A
2
12 + 12Ω
2
)
A411 +
(
−9
2
k23A
4
12 +
(
24Ω2 − 6) k3A212
−64
3
Ω4 + 8
(
4
3
− 1
3
p− 2
3
β2
)
Ω2 +
2
3
p− 4
3
)
A211 −
8
3
pβΩA11A12 −
(
3
2
k23A
4
12
+k3
(−12Ω2 + p+ 3)A212 + 643 Ω4 + 8
(
2
3
β2 − 1
3
p− 4
3
)
Ω2 +
2
3
p+
4
3
)
A212
]
(17)
Γ = 2k2
[
27k33
(
A211 +A
2
12
)3 − 36(6 (A211 +A212)Ω2 + (p− 52
)
A211 −
(
p+
5
2
)
k23A
2
12
)(
A211 +A
2
12
)
+
(
384
(
A211 +A
2
12
)
Ω4 +
(
96
(
β2 + p− 4)A211 − 96A212 (−β2 + p+ 4))Ω2
+12
(−p2 − 2p+ 6)A211 − 12k3A212 (p2 − 2p− 6)) + 256Ω4 + 32 (2β2 + p2 − 4)Ω2 − 8p2 + 16]−1
(18)
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48Π−1d
(
−9
4
k33A
6
11 + 3
(
−9
4
k3A
2
12 + 6Ω
2 + p− 5
2
)
k23A
4
11 +
(
−27
4
k23A
4
12 +
(
36Ω2A212 − 15A212
)
k3
−32Ω4 + 8 (−β2 − p+ 4)Ω2 + p2 + 2p− 6)k3A211 − 94k33A612 − 3
(
−6Ω2 + p+ 5
2
)
k23A
4
12
+
(−32Ω4 + 8 (−β2 + p+ 4)Ω2 + p2 − 2p− 6) k3A212 − 643 Ω4 + 8
(
4
3
− 1
3
p2 − 2
3
β2
)
Ω2
−4
3
+
2
3
p2
)
cos (φ) + 81k43A
9
11 − 54
(
−6k23A212 +
(
14Ω2 + p− 7) k3 + 4
3
k22
)
k23A
7
11
+108k33βΩA
6
11A12 − 108k3
(
−9
2
k33A
4
12 −
1
2
A212
(−42Ω2 + p+ 21) k23
+
(
−56
3
Ω4 +
(
−8
3
β2 + 22
)
Ω2 + 2k22A
2
12 + p
2 +
1
3
p− 16
3
)
k3 − 8
9
k22
(
6Ω2 + p− 2))A511
−144
(
−9
4
k3A
2
12 + 6Ω
2 + p− 5
2
)
βk23ΩA12A
4
11 +
(
324k43A
6
12 + 270
(
−42
5
Ω2 + p+
21
5
)
k33A
4
12
−72 (−56Ω4 + (−8β2 + 12p+ 66)Ω2 + 3k22A212 + p2 − 5p− 16) k23A212
+
(−1536Ω6 + 384 (−β2 + p+ 10)Ω4 + (1152k22A212 + 192β2p+ 576β2 + 336p2
−288p− 2208) Ω2 + 48k22 (p− 8)A212 − 24p3 − 120p2 + 48p+ 336
)
k3
−256k22
(
4Ω4 +
(
β2 + p− 5
2
)
Ω2 − 1
4
p+
3
8
))
A311 − 48
(
−27
4
k33A
4
12 +
(
36Ω2A212 − 15A212
)
k23
+
(−32Ω4 + 8 (−β2 − p+ 4)Ω2 + p2 + 2p− 6) k3 + 4
3
k22 (−1 + p)
)
βΩA12A
2
11 +
(
81k43A
8
12
+162
(
−4
3
Ω2 + p+
7
3
)
k33A
6
12 + 36
(
56Ω4 +
(
8β2 − 24p− 66)Ω2 − 2k22A212 + p2 + 11p+ 16) k23A412
−24 (64Ω6 + 16 (β2 − 3p− 10)Ω4 + (−24k22A212 − 8β2p− 24β2 + 2p2 + 52p+ 92)Ω2 + 2k22 (p+ 4)A212
+p3 + p2 − 10p− 14) k3A212 − 1024Ω6 + (−1024k22A212 − 256β2 − 128p2 + 512p+ 1536)Ω4
+
(
k22
(−256β2 + 640)A212 + 64p3 + 160p2 + 128 (β2 − 2) p+ 256β2 − 576)Ω2
+32k22
(
p2 − 3)A212 − 16 (2 + p) (p2 − 2))A11 − 48(−94k33A612 − 3
(
−6Ω2 + p+ 5
2
)
k23A
4
12
+
(−32Ω4 + 8 (−β2 + p+ 4)Ω2 + p2 − 2p− 6) k3A212 − 643 Ω4 +
(
32
3
− 8
3
p2 − 16
3
β2
)
Ω2
−4
3
k22 (1 + p)A
2
12 +
2
3
p2 − 4
3
)
βΩA12 = 0 (19)
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Abstract Some properties of a parametric amplifier
with cubic and quadratic nonlinearities subjected to
sub- or superthreshold parametric pumping are discussed.
Emphasis is given to the frequency response backbones.
A useful and more general formulation than for the clas-
sical undamped and unforced backbone is used, corre-
sponding to an undamped and directly unforced but
parametrically forced response. It is shown how the re-
sponse of a superthreshold parametrically pumped am-
plifier is related to the pure directly and pure para-
metrically excited response, and that for superthresh-
old parametric pumping the response can depend on
the phase between the direct and parametric excitation.
A discussion is given on the benefits of superthreshold
parametric pumping for sensors and energy harvestors,
as compared to pure direct or pure parametric excita-
tion.
1 Introduction
Parametric amplifiers, i.e. directly excited resonators
with the output amplified through added parametric
excitation, can be useful for sensor applications [8, 14,
17, 18] and energy harvesting [2, 3]. Research has pri-
marily focused on subthreshold parametric pumping,
where the steady-state amplitude-frequency response is
dominated by the direct excitation component [4, 13,
15, 19, 22]. However, Rhoads and Shaw [16] showed
that nonlinear parametric amplifiers can be operated
above their linear parametric instability threshold (i.e.
S. Neumeyer
Department of Mechanical Engineering
Technical University of Denmark
E-mail: stene@mek.dtu.dk
with superthreshold parametric pumping), but that do-
ing so results in responses dominated by the parametric
excitation component. In their work a system with cu-
bic nonlinearity was considered. In the present work
both cubic and quadratic nonlinearities are considered.
Differences between the responses of the purely directly
excited system, the purely parametrically excited sys-
tem, and the combined direct and sub- or superthresh-
old parametrically excited system are discussed. This is
accomplished by introducing (in Sect. 2) a modified for-
mulation of the frequency response backbone which in-
cludes parametric forcing, and is more general than the
formulation of the classical backbone (i.e. the unforced
and undamped amplitude-frequency relation). In Sect.
3 it is also shown, for superthreshold parametric pump-
ing, that this formulation provides a better prediction of
the amplitude-frequency response both quantitatively
and qualitatively. It is also shown that the amplitude-
frequency relation for superthreshold parametric pump-
ing can depend on the excitation phase, and comments
are given on the benefits of a superthreshold paramet-
rically pumped system, as compared to a system sub-
jected to either pure direct or pure superthreshold para-
metric excitation.
2 Steady-state responses and backbones
2.1 Model system
A parametric amplifer modeled by a forced Duffing-
Mathieu equation with unit-normalized linear natural
frequency and perfect excitation tuning (i.e. a strict
two-to-one ratio between the parametric and direct ex-
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citation frequencies) is investigated:
x¨+ βx˙+ [1 + p cos (2Ωt)]x+ k3x
3 = d cos (Ωt+ φ) ,
(1)
where overdots denote temporal derivatives, β = 2ζ
where ζ is the damping ratio, k3 is the cubic nonlinear-
ity coefficient, [. . .]x describes the linear elastic restor-
ing force, p is the parametric excitation amplitude, d
the direct excitation amplitude, t the time, and φ the
phase between the external and parametric excitation.
2.2 Approximate frequency response
To find approximate steady-state solutions x(t) to (1)
the method of varying amplitudes (MVA) is employed
[20], where one assumes a modulated harmonic series
solution form:
x(t) =
n∑
m=1
Am1(t) cos (mΩt) +Am2(t) sin (mΩt) , (2)
where the modulation amplitudes Am1(t) and Am2(t)
are time-varying, and not required to vary slowly. This
is contrary to the method of harmonic balance [1, 10],
where the coefficients Am1 and Am2 would be constants
and (2) an approximation, while here the allowed time
dependency of Am1 and Am2 means that (2) merely rep-
resents a shift of variables, by which the solution form
(2) is exact for any value of n. The transition from a
single to 2n new variables, Am1 and Am2, implies that
a total of 2n equations are needed. Inserting (2) into (1)
and requiring the coefficients of the involved harmonic
terms to vanish identically, we introduce 2n − 1 addi-
tional equations; equation 2n then includes the remain-
ing harmonic terms, including those having harmonic
order higher than n. Considering the first harmonic in
(2), i.e. n = 1, so that:
x(t) = A1(t) cos (Ωt) +A2(t) sin (Ωt) , (3)
where the first index has been omitted for brevity, one
thus obtains two equations with two variables A1 and
A2 to solve for:
A¨1 + βA˙1 + 2ΩA˙2 + βΩA2 − d cos (φ)
+
[
1 + 12p−Ω2 + 34k3
(
A21 +A
2
2
)]
A1 = 0, (4)
A¨2 + βA˙2 − 2ΩA˙1 − βΩA1
+
[
1− 12p−Ω2 + 34k3
(
A21 +A
2
2
)]
A2 + d sin (φ)
=
[
1
2p+
1
4k3
(
A21 − 3A22
)]
A1 cos (3Ωt)
+
[
1
2p− 14k3
(
A22 − 3A21
)]
A2 sin (3Ωt) . (5)
The solutions to the nonlinear differential equations
(4)-(5) cannot be acquired in closed form. To obtain
approximate solutions we neglect higher harmonics in
(5), i.e. all of the right-hand side, thus solving instead:
A¨2 + βA˙2 − 2ΩA˙1 − βΩA1 + d sin (φ)
+
[
1− 12p−Ω2 + 34k3
(
A21 +A
2
2
)]
A2 = 0. (6)
This simplification is adequate when the nonlinear term
k3x
3 and the linear parametric excitation term px are
small compared to the linear restoring term x. Equilib-
rium solutions for A1,2, corresponding to steady-state
periodic solutions of (1), are obtained by zeroing the
time derivatives in (4) and (6), giving:
βΩA2 +
[
1 + 12p−Ω2 + 34k3
(
A21 +A
2
2
)]
A1 = d cos (φ) ,
(7)
βΩA1 −
[
1− 12p−Ω2 + 34k3
(
A21 +A
2
2
)]
A2 = d sin (φ) ,
(8)
from which the stationary values of the amplitudes A1
and A2 can be extracted; this is omitted here for brevity
due to lengthy expressions. Stability of the steady-state
solutions can be determined by evaluating Jacobian
eigenvalues of the system (4) and (6), evaluated at the
equilibria for A1,2.
2.3 Response backbones
A classical frequency response backbone [5, 9] can be
derived by solving (7)-(8) for A1 and A2 with p = d =
β = 0, giving that either A1 or A2 is zero, while the
other is:
Abbk3 = 2
√
Ω2 − 1
3k3
, (9)
with Ω < 1 (> 1) for k3 < 0 (> 0), and Ω = 1 for
k3 = 0, and where bb is short for backbone.
Often steady-state amplitude-frequency responses of
directly excited systems are shown and discussed in the
literature without their corresponding classical back-
bones, even though the latter provides fundamental in-
formation about the character of the frequency-amplitude
relation near resonance regardless of external forcing.
For the backbone of a system subjected to combined
direct and parametric excitation, however, we propose
to keep the parametric forcing. That is, we use an un-
damped but parametrically excited amplitude-frequency
relation as a backbone, onwards denoted a modified
backbone. As will be shown later, the modified back-
bone provides a better prediction of the response both
qualitatively and quantitatively when utilizing superthresh-
old pumping. The approximate analytical linear and
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undamped solutions of (7)-(8) can be found by omit-
ting nonlinearity and damping, i.e. k3 = β = 0:
A1 = − d cosφ−1− 12p+Ω2
, A2 =
d sinφ
−1 + 12p+Ω2
, (10)
which approach infinity when Ω→ Ωbb:
Ωbb =
√
1± 12p, (11)
which also, for p  1 and Ω ≈ 1, forms the stabil-
ity boundaries for primary parametric resonance of (1)
when β = k3 = d = 0 [21]. The stability bound-
aries assist in defining the superthreshold parametric
pumping amplitude p > p0 = 2|Ω2 − 1| for Ω ≈ 1,
where p0 is the parametric instability threshold. With
superthreshold parametric pumping and cubic nonlin-
earity, the amplitude-frequency solutions to (7)-(8) re-
duce significantly by neglecting the direct excitation
term, giving that either A1 or A2 is zero, while the
other is:
A˜bbk3 =
√
2
3
√
2 (Ω2 − 1)± p
k3
. (12)
Here the tilde is used to distinquish the modified back-
bone (A˜bbk3 ) from the classical backbone (Abbk3 ). As ap-
pears A˜bbk3 →∞ for k3 → 0, resembling an unbounded
linear parametric amplitude-frequency response at para-
metric resonance. One can deduce the classical back-
bone (9) from (12) by inserting p = 0.
2.4 Effects of quadratic nonlinearity
Appending a quadratic nonlinear term k2x
2 to (1) re-
quires one to consider n = 2 instead of n = 1 in (2) and
to include m = 0, giving five equations with five un-
knowns (A02 = 0). Using the same approach as above,
one obtains in the case of quadratic nonlinearity, assum-
ing amplitudes A21, A22, and A01 to be small compared
to A11 and A12, and φ = 0 (the effect of φ is discussed
later) to simplify expressions, that the modified back-
bone amplitude is:
A˜bbk2 =
1
2
[
(−16Ω2 − 4p+ 6)
×(16Ω4 + 2Ω2p2 − 20Ω2 − 8pΩ2 − p3 − 2p2 + 2p+ 4)] 12
× [(8Ω2 + 2p− 3) |k2|]−1 , (13)
for Ω / 1. The corresponding classical backbone, i.e.
p = 0 in (13), reduces to:
Abbk2 =
√
2
|k2|
√
− (4Ω2 − 1) (Ω2 − 1)
8Ω2 − 3 . (14)
The effect of quadratic nonlinearity is considered in the
present work because it can appear as a significant
nonlinearity, e.g. when modelling asymmetric restor-
ing forces of elastic structures [6, 21]. However it is
only mentioned briefly because the cubic nonlinearity
is more frequently encountered in mechanical models,
while being sufficient for most of the qualitative discus-
sions in this paper. The expression for the backbone for
mixed quadratic and cubic nonlinearities is lenghty and
thus not shown here.
2.5 Summary
A steady-state amplitude-frequency response has been
derived, which captures the effects of cubic nonlinear-
ity for a perfectly tuned parametric amplifier, and ex-
plicit approximate analytical expressions for backbones
have been obtained both in the case of pure quadratic
and pure cubic nonlinearities. Next we illustrate the
frequency responses for example parameter values, and
discuss qualitative features.
3 Illustration of typical responses
3.1 Sub- and superthreshold parametric pumping
Fig. 1 presents frequency responses for sub- (left) and
superthreshold (right) parametric pumping with no non-
linearity (top) and with cubic nonlinearity (bottom)
using (7)-(8). Classical linear and nonlinear (harden-
ing for k3 > 0) responses are obtained in the case of
subthreshold parametric pumping (figs. 1(a,c)). An ex-
tra peak emerges in the case of superthreshold para-
metric pumping whether with no nonlinearity or cu-
bic nonlinearity (figs. 1(b,d)). It has previously been
shown that cubic nonlinear superthreshold parametric
pumping yields such a bistable amplified response, and
that up to five amplitude-frequency solutions may coex-
ist for certain frequency ranges [16] (Fig. 1(d)). Linear
superthreshold parametric pumping, however, yields a
monostable amplified response, and only one solution
exists at any frequency (Fig. 1(b)). Transitioning from
a monostable and not amplified (pure direct excitation)
linear response to a monostable and amplified (com-
bined direct and parametric excitation) linear response
may be useful for e.g. energy harvesters, since the fre-
quency bandwidth, specifically the peak distance, in-
creases. Transitioning from a monostable to a bistable
amplified nonlinear response, i.e. from Fig. 1(c) to Fig.
1(d), causes an increase in amplitude for a fixed fre-
quency around the peaks. This increase may be use-
ful for e.g. sensoring, filtering, and energy harvesting.
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Fig. 1 Steady-state amplitude-frequency relations for linear (k3 = 0) (a) subthreshold (p = 0.01) and (b) superthreshold
(p = 0.1) parametric pumping, and for cubic nonlinear (k3 = 0.5) (c) subthreshold and (d) superthreshold parametric pumping.
Blue solid line denotes a stable response. Red line with squares denotes an unstable response. Circles: response by direct
numerical integration of (1). (β = 0.01, φ = −pi/4).
The transition is also important to know about for sub-
threshold pumped parametric amplifiers. This is be-
cause they typically operate only slightly below the
parametric instability threshold, and may therefore ex-
perience a bistable amplified response during operation
due to e.g. wear, damage, or varying mass loading.
3.2 Response backbones
Fig. 2 presents the response due to pure parametric
excitation along with the response of superthreshold
parametric pumping with, respectively, no nonlinearity
in Fig. 2(a), and cubic nonlinearity in Fig. 2(b) as given
by (10). That is, figs. 2(a,b) correspond respectively to
figs. 1(b,d) along with the modified backbones intro-
duced by (12). The numerical results for superthresh-
old parametric pumping are obtained by direct numeri-
cal integration of (1). The blue (red squares) backbone
refers to the stable (unstable) superthreshold paramet-
ric pumping response, in short the stable (unstable)
backbone. Fig. 2(a) shows that the vertical, unstable,
and linear amplitude-frequency response curves for pure
parametric excitation are aligned with the paramet-
ric instability thresholds associated with superthreshold
parametric pumping (11). The zero solution, which ex-
ists in the case of pure parametric excitation, does not
exist in the case of superthreshold parametric pump-
ing. Fig. 2(b) shows the response with appended cubic
nonlinearity. The upper modified backbone of the sys-
tem subjected to superthreshold parametric pumping
is identical with the upper (stable) solution for pure
parametric excitation. This is different from a classical
backbone, which represents an unforced and undamped
amplitude-frequency relation.
Fig. 3 presents modified and classical backbones (12)
of (1), i.e. respectively with and without the parametric
excitation. Fig. 3(a) shows the classical backbone (inner
curve) along with the modified backbone (outer curves).
For a given frequency Ω > 1, the value of the upper
solution of the modified backbone is larger than the
value of the solution of the classical backbone. Thus, the
steady-state vibration amplitude associated with the
upper solution of the modified backbone is also higher
than the steady-state vibration amplitude associated
with the solution of the classical backbone. Since the
upper solution of the modified backbone is similar to
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Fig. 2 Steady-state amplitude-frequency relations for pure parametric excitation (d = 0, p = 0.1) and superthreshold para-
metric pumping (d = 0.01, p = 0.1) for a (a) linear and (b) cubic nonlinear system. Parameter values and markers as used in
Fig. 1 unless otherwise stated.
the results using direct numerical integration, the mod-
ified backbone predicts the response more accurately for
the chosen parameter values. Fig. 3(b) depicts modified
backbones as function of not only excitation frequency,
as in Fig. 3(a), but also the parametric excitation am-
plitude p (the classical backbone is independent of p).
The separation in frequencies between the stable and
unstable solutions, which exist in pairs located almost
(for small p) symmetrically around Ω = 1 (dashed
line), increase with parametric excitation amplitude.
The transition from a sub- to a superthreshold paramet-
ric pumping response is somewhat similar to the tran-
sition from a sub- to a superthreshold (purely) para-
metrically excited response. The noticeable difference
between these two transitions is the absence (presence)
of a zero (nonzero) solution due to the direct excitation
component, and the different amplitude-frequency sen-
sitivities at the root of the peak(s). This sensitivity and
absense of a zero solution is addressed in the following,
the conclusions hereof pointing at some advantages for
systems subjected to superthreshold parametric pump-
ing, as compared to systems subjected to either pure
direct or pure parametric excitation.
3.3 Benefits of superthreshold parametric pumping
An advantage of utilizing pure superthreshold paramet-
ric excitation, as compared to pure direct excitation, is
that the steady-state vibration amplitude may become
considerably larger for a given energy input (compare
e.g. p
∫ 2pi/Ω
0
x˙x cos(2Ωt)dt to d
∫ 2pi/Ω
0
x˙ cos(Ωt + φ)dt,
cf. (1)). Furthermore, the response close to the reso-
nance frequency shifts more abruptly, making it ad-
vantageous for sensor applications e.g. due to better
filtering and switching capabilities. But a nonzero re-
sponse is not guaranteed; this depends on the size of
the damping. By contrast a nonzero response is al-
ways obtained with pure direct excitation. Superthresh-
old parametric pumping has a nonzero response in the
entire frequency domain. This is an advantage com-
pared to pure parametric excitation, because there is
no need to perturb the system to yield a transition
from a sub- to superthreshold parametric excitation
response. Combining direct and superthreshold para-
metric excitation, i.e. utilizing superthreshold paramet-
ric pumping, provides a relatively abrupt amplitude-
frequency shift (as compared to the response of direct
excitation), but not as abrupt as in the case of su-
perthreshold parametric excitation. However, one can
tune the excitation phase as to make the amplitude-
frequency shift more abrupt. This is illustrated in figs.
4(a,b), which present superthreshold parametric pump-
ing amplitude-frequency relations for two values of ex-
citation phase, showing a more abrupt transition for
φ = 0 than for φ = pi/2. A possible tradeoff with
the tuned excitation phase is that the amplitude is
comparably smaller around the frequencies, where a
more abrupt amplitude-frequency shift can be obtained.
From Fig. 1(d) it appears that the widths of the two
peaks appear similar for a given value of amplitude (in
the case where φ = −pi/4 as in Fig. 1(d)). For φ = pi/2
(Fig. 4(a)) and φ = 0 (Fig. 4(b)), the widths of the two
peaks in each plot are not only different, but they also
appear to interchange. The sensitivity to the excitation
phase is investigated in Sect. 3.4.
In summary, combining direct and superthreshold
parametric excitation yields a response which intro-
duces several useful characteristics related to the re-
spective responses, while at the same time not intro-
ducing many tradeoffs.
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Fig. 3 (a) classical (d = p = 0) and modified (d = 0, p > 0) backbone for a fixed p, and (b) modified backbone for a varying
p. Parameter values and markers as used in Fig. 1 unless otherwise stated.
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Fig. 4 Steady-state superthreshold parametric pumping amplitude-frequency relations for (a) φ = pi/2 and (b) φ = 0. Other
parameter values and markers are as used in Fig. 1.
3.4 Sensitivity to excitation phase
Fig. 5 depicts amplitude-frequency-phase relations with
a cubic nonlinearity. Figs. 5(a,b) show respectively the
sub- and superthreshold parametric pumping response.
These figures are closely related to figs. 1(c,d) which
have an extra independent coordinate (excitation phase).
The mono- and bistable amplified responses are visi-
ble in the amplitude-frequency domains, i.e. for a fixed
excitation phase, and corresponding numerical results
obtained using direct integration, are shown as circles
(shown twice in each plot for φ ∈ [0; 2pi]) in order to
ease the identification of the mono- and bistable ampli-
fied responses. The effect of the excitation phase on the
amplitude is shown as the curves perpendicular to the
amplitude-frequency response curves. It has previously
been reported that subthreshold parametric pumping,
in the case of no nonlinearity or pure cubic nonlin-
earity, around the linear resonance frequency yields an
amplitude which is dependent on the excitation phase
[2, 7, 11, 12, 15, 16, 18]. This also appears from Fig.
5(a). Fig. 5(b) shows that for superthreshold paramet-
ric pumping the amplitude is also dependent on the
excitation phase. The dependency diminishes gradually
away from the linear resonance frequency (Ω ≈ 1)
where the difference between the minimum and max-
imum values of the amplitude for a fixed excitation fre-
quency is largest. Previous experimental observations
indicate that the dependency on the excitation phase
vanishes instantaneously when transitioning from sub-
to superthreshold parametric pumping [12]. The dis-
crepancy between theoretically and experimentally ob-
tained results indicates a need for additional experi-
ments investigating the dependency on the excitation
phase when transitioning from sub- to superthreshold
pumping.
4 Conclusions
Approximate analytical steady-state amplitude-frequency
relations for a parametric amplifier model with cubic
(and quadratic) nonlinearities subjected to sub- and su-
perthreshold parametric pumping are derived. An un-
damped but parametrically excited frequency response
backbone is employed instead of the classical unforced
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Fig. 5 Steady-state amplitude-frequency-phase relations for cubic (a) sub- and (b) superthreshold parametric pumping.
Parameter values and markers as used in Fig. 1 unless otherwise stated.
and undamped backbone. With the modified backbone,
it is shown how the response of a superthreshold para-
metrically pumped amplifier is related to the pure di-
rectly and pure parametrically excited response. For su-
perthreshold parametric pumping a dependency on the
excitation phase can exist between the direct and para-
metric excitation. A discussion is given on the benefits
of superthreshold parametric pumping, as compared to
pure direct or pure parametric excitation.
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FREQUENCY DETUNING EFFECTS FOR PARAMETRICALLY AND
DIRECTLY EXCITED ELASTIC STRUCTURES
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1Department of Mechanical Engineering, Technical University of Denmark
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Abstract. This study investigates the frequency detuning effects of parametric and direct ex-
citation for near-resonant nonlinear structural vibrations. Specifically, the detuning effects
of a two-to-one frequency ratio between the parametric and direct excitation, and of a drift
in natural frequency, are studied. These effects are investigated theoretically using a Duffing-
Mathieu equation as the model system, and experimentally using a cantilever beam as the model
object. The approximate analytical responses are derived using the method of varying ampli-
tudes, and compared with results of direct numerical integration and experiments showing good
agreement. For frequency detuned superthreshold parametric excitation some of the theoretical
frequency-amplitude solution branches appear to merge. For some ranges of parametric exci-
tation frequency a drop in experimental steady-state vibration amplitude was found, indicating
performance degradation whereas for other frequency ranges, frequency detuning may yield an
increased steady-state vibration amplitude. This makes frequency detuning a feature which can
purposefully be avoided or utilized, dependent on the application.
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1 INTRODUCTION
Structures subjected to combined parametric and direct excitation may experience frequency
detuning between the parametric and direct excitation, e.g. caused by uncertainties with respect
to physically adding the parametric component. Another cause of frequency detuning could be
that the systems natural frequencies drift during operation due to, e.g. wear, damage, or varying
mass loading. The effect of adding a superthreshold parametric excitation, where the response
is dominated by the parametric component [1], to a directly excited system with perfect tuning,
i.e. a two-to-one frequency ratio between the parametric and direct excitation, has recently been
given some attention [2]. This was done because utilization of combined parametric and direct
excitation may be useful for structural and mechanical vibrations [3, 4]. However frequency
detuning has not been investigated for a system subjected to combined parametric and direct
excitation, in particular not with superthreshold parametric excitation.
2 MODEL SYSTEM
As a model system relevant for elastic structures, a Duffing-Mathieu equation with indepen-
dent parametric Ωp and direct Ωd excitation frequencies, is considered:
x¨+ βx˙+ ω20
(
1 + p cos (Ωpt)
)
x+ γx3 = d cos (Ωdt+ φ) , (1)
where ˙(x) denotes temporal derivatives, β = 2ω0ζ where ω0 is the linear natural frequency and ζ
is the damping ratio, (. . .)ω20x describes the linear elastic restoring force and γx
3 describes the
third-order nonlinear elastic restoring force, p is a parametric excitation amplitude, d is a direct
excitation amplitude, t is time, and φ is the phase between the parametric and direct excitation.
3 THEORETICAL PREDICTIONS
In applications involving imposed combined parametric and direct excitation, the frequencies
Ωp and Ωd are typically tuned to be commensurate, e.g. with parametric amplifiers Ωp/Ωd = 2,
which provides a periodic steady-state response. Frequency detuning, by contrast, generally
yields quasi-periodic steady-state responses. To solve (1) for the quasi-periodic response, we
use the method of varying amplitudes (MVA) [5], and compare quantitatively with results of
direct numerical integration and qualitatively with experimental observations. First a frequency
detuning σpd between the parametric and direct excitation is introduced, defined by:
Ωd =
1
2
Ωp + σpd. (2)
The MVA assumes a solution form consisting of a series of harmonics with time-varying am-
plitudes Xm1 and Xm2:
x(t) =
n∑
m=1
Xm1(t) cos
(
1
2
mΩpt
)
+Xm2(t) sin
(
1
2
mΩpt
)
, (3)
which by contrast to perturbation methods such as multiple scales or averaging is without re-
strictions such as slowly varying amplitudes, or the presence of small parameters [5, 6]. Also,
by contrast to the method of harmonic balance, where the coefficients Xm1 and Xm2 would be
constants and (3) an approximation, the allowed time dependency of Xm1 and Xm2 means that
(3) merely represents a shift of variables, which is exact for all values of n. The shift from the
original dependent variable x to 2n new variables, Xm1 and Xm2, implies that 2n equations are
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needed. This can be accomplished by introducing constraints in the form of 2n − 1 additional
equations. The constraints are introduced by substituting (3) into (1), and requiring 2n − 1
groups of terms to equal zero. The 2nth equation includes all the remaining terms of the original
equation, and the 2n− 1 groups of terms are proposed to be the coefficients of the involved har-
monic terms. Considering only the first two terms in (3), i.e. n = 1, one obtains two equations
for the amplitudes X11 and X12:
X¨11 + βX˙11 + ΩpX˙12 +
1
2
βΩpX12 +
(
ω2
(
1 + 1
2
p
)− 1
4
Ω2p
)
X11
+ 3
4
γ
(
X211 +X
2
12
)
X11 = d cos (σpdt+ φ) , (4)
X¨12 + βX˙12 − ΩpX˙11 − 12βΩpX11 +
(
ω2
(
1− 1
2
p
)− 1
4
Ω2p
)
X12
+ 3
4
γ
(
X211 +X
2
12
)
X12 = −d sin (σpdt+ φ) +H., (5)
where H. denote higher harmonics. Until now approximations are not involved. Approxima-
tions are introduced by neglecting higher harmonics subsequently, which is adequate at small
values of the nonlinearity term γx3 and parametric excitation term pω20x, i.e. small compared
to the linear stiffness term ω20x. Thus (1) is restated by (4) and (5), with X11 and X12 as the
dependent variables instead of x. To solve (4) and (5), one employs the MVA again, ending
up with four equations and four time dependent amplitudes, Y111, Y112, Y121, and Y122, to solve
for. Solutions for these four amplitudes are lengthy and omitted here, but one ends up with a
steady-state solution to (1):
x(t) =
(
X110 + Y111 cos (σpdt+ φ) + Y112 sin (σpdt+ φ)
)
cos
(
1
2
Ωpt
)
+
(
X120 + Y121 cos (σpdt+ φ) + Y122 sin (σpdt+ φ)
)
sin
(
1
2
Ωpt
)
. (6)
Figs. 1(a,b) present, respectively, sub- and superthreshold steady-state vibration amplitudes,
i.e. the maximum absolute values of (6), as a function of direct excitation frequency for the
perfectly tuned case (σpd = 0). Fig. 1(a) shows that for subthreshold parametric excitation
a response which qualitatively resembles a nonlinear hardening Duffing oscillator frequency
response is obtained. Fig. 1(b) shows that adding superthreshold parametric excitation to a di-
rectly excited system yields a bistable amplified steady-state peak. The solid line denote stable
solution branches and the dashed line denote unstable solution branches. Each solution branch
has an unbounded response maximum, contrary to the bounded subthreshold steady-state vi-
bration amplitude. Good agreement between the theoretical predictions and results of direct
numerical integration is noted. A distinct feature of the superthreshold parametric near-resonant
steady-state vibration amplitude compared to the subthreshold parametric near-resonant steady-
state vibration amplitude is, that for a certain frequency range it increases significantly. This
might be useful for sensor applications because the transition from a small amplitude to a large
amplitude becomes more pronounced, and it might also be useful for energy harvesters since
more energy can be harvested.
Figs. 2(a,b) show two detuned (σpd 6= 0) superthreshold steady-state vibration amplitudes
with, respectively, a frequency ratio Ωp/Ωd = 2.05 and 1.95 between the parametric and di-
rect excitation. The somewhat larger deviation between the approximate analytical solution and
results of direct numerical integration around the intersection between the lower and upper so-
lution branches can be reduced by introducing higher harmonics, though omitted here since the
calculations become more lengthy with only minor increase in accuracy. For some frequencies
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Figure 1: Theoretical steady-state vibration amplitude as a function of direct excitation frequency Ω − 1 for (a)
subthreshold parametric excitation (p = 0.15), and (b) superthreshold parametric excitation (p = 0.35). Solid
and dashed lines denote, respectively, approximate analytical stable and unstable responses, symbols denote direct
numerical integration. (γ = 0.1, d = 0.01, β = 0.1, φ = −pi/4, Ωp/Ωd = 2, σpd = 0).
up to five solution branches coexist. Two of these are duplicates in the frequency-amplitude re-
lation except for a difference in phase, i.e. with frequency detuning between the parametric and
direct excitation, the bistable amplified peak of fig. 1(b) appears to merge into one line. Jumps
are observed, not only during a downsweep, but also during an upsweep. The upsweep jump is,
for the chosen parameters, considerably smaller than for the downsweep, but this might be oth-
erwise for other parameter values. Also, the frequency distance between the two peaks changes
as function of frequency detuning between the parametric and direct excitation. For a negative
nonlinear coefficient γ the steady-state vibration amplitude bends to the left instead of to the
right, and the upper parts of the stable and unstable solution branches interchange stability.
−0.1 0 0.1 0.2
0
0.5
1
Ωd − 1
a
(a)
−0.1 0 0.1 0.2
0
0.5
1
Ωd − 1
a
(b)
Figure 2: Theoretical superthreshold steady-state vibration amplitude as a function of direct excitation frequency
Ω− 1 for (a) Ωp/Ωd = 2.05 (σpd = −0.025), and (b) Ωp/Ωd = 1.95 (σpd = 0.025). (p = 0.35).
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Compared to the perfectly tuned case, confer fig. 1(b), an upsweep jump emerges, and both
peaks appear to shift to either the left or right of zero direct excitation frequency. Further-
more, superthreshold parametric excitation increases the near-resonant steady-state vibration
amplitude as compared to employing subthreshold parametric excitation, and a slight frequency
detuning of superthreshold parametric excitation can result in a further increase in steady-state
vibration amplitude.
The theoretical part showed good agreement between approximate analytical responses and
results of direct numerical integration, both in the perfectly tuned and detuned cases. For de-
tuned superthreshold parametric excitation some of the frequency-amplitude solution branches
appear to merge, and the frequency distance between the two peaks changes.
4 EXPERIMENTAL OBSERVATIONS
Fig. 3 shows the experimental setup. A cantilever beam is fixed in a shaker with an angle
between the imposed base-excitation and the axial direction of the cantilever beam, such that
the transverse displacement of the cantilever beams free end is affected by both the parametric
and direct excitation. The dual frequency (Ωd, Ωp) signal to the shaker is produced by a wave-
form generator and amplified by a power amplifier. The transverse deflection of the cantilever
beam is measured by a laser displacement sensor at the beam end and normalized with the beam
length. For each excitation frequency detuning experiment both up- and downsweeps are con-
ducted for the parametric and direct excitation frequencies. The direct excitation frequency is
altered in an inner sweep, and the parametric excitation frequency in an outer sweep.
Figs. 4(a,b) show results for variation in direct and subthreshold parametric excitation fre-
quencies. Fig. 4(a) provides an isometric view and fig. 4(b) the corresponding top view. As
appears the maximum steady-state vibration amplitude is mostly sensitive to direct excitation
frequency detuning (variations in Ω˜d), and much less to parametric excitation frequency detun-
ing (variations in Ω˜p). One response notch, entangled by a red circle, is observed alongside
jumps occurring due to a nonlinear hardening response. Slight variations in the parametric and
direct excitation frequencies around the notch can result in a significantly lower response.
Figs. 4(c,d) show results for variation in direct and superthreshold parametric excitation
frequencies. As compared to the case with subthreshold parametric excitation, another notch
appears making the frequency range with a higher steady-state vibration amplitude significantly
smaller, albeit the maximum steady-state vibration amplitude increases. These notches are also
considerably larger in the case of superthreshold parametric excitation, as compared to the sub-
threshold case. With superthreshold parametric excitation the steady-state vibration amplitude
increases for a part of the frequency range, but another part of the frequency range, i.e. the
Figure 3: Experimental setup.
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Figure 4: Experimental results: Isometric and top view of subthreshold (a,b) and superthreshold (c,d) steady-state
vibration amplitude a as a function of direct and parametric excitation frequencies using a downsweep with Ω˜d
fixed while Ω˜p is varied.
area entangled by the extra notch, indicates that there exist additional frequency ranges where
a smaller steady-state vibration amplitude is obtained. Outside the frequency region of the
notches, detuning of both the direct and parametric excitation frequencies has a small influence
on the response.
The theoretical predictions presented in figs. 2(a,b) depict two special cases of the exper-
imental observations presented in figs. 4(c,d); the two frequency ratios Ωp/Ωd = 2.05 and
1.95 correspond to two distinct lines in figs. 4(c,d). Good agreement is noted: jumps and the
overall qualitative behaviour appears similar, and the change in frequency distance between
the two peaks as predicted theoretically, confer figs. 2(a,b), is also observed experimentally.
Also, in both cases frequency detuning between parametric and direct excitation can increase
the response. Thus, frequency detuning can result in both decreased and increased steady-state
vibration amplitudes, making it an effect which should either be avoided or utilized dependent
on the applications.
5 CONCLUSIONS
Frequency detuning effects for combined parametric and direct near-resonant excitations of
nonlinear structural vibrations were investigated. This is relevant for applications where fre-
quency detuning can be expected between the parametric and direct excitation, or between the
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parametric and direct excitation and the systems natural frequency during system operation. The
studies were conducted theoretically using a Duffing-Mathieu equation as the model system,
and experimentally using a cantilever beam as the model object. The approximate analytical
responses were derived using the method of varying amplitudes, and compared with results of
direct numerical integration, showing good agreement both in the perfectly tuned and detuned
case. Good qualitative agreement also with experiments were noted. For detuned superthresh-
old parametric excitation some of the theoretical frequency-amplitude solution branches appear
to merge. For some frequency detuning ranges a drop in experimental steady-state vibration
amplitude was found, indicating performance degradation whereas for other frequency ranges,
frequency detuning may yield an increased steady-state vibration amplitude. This makes fre-
quency detuning a feature which can purposefully be avoided or utilized, dependent on the
application, e.g. sensors and energy harvesters.
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Abstract
Frequency tuned parametric amplifiers may experience fluctuations of both
the two-to-one frequency ratio between the parametric and the direct excita-
tion, and between the direct excitation frequency and the systems natural fre-
quency. These effects are investigated theoretically using a Duffing-Mathieu
equation as the model system, and investigated experimentally using a macro
cantilever beam as the model object. The approximate analytical steady-
state vibration amplitudes are derived using the method of varying ampli-
tudes, and compared with results of direct numerical integration, showing
good agreement. Theoretical predictions reveal that for detuned superthresh-
old parametric amplification some of the amplitude-frequency curves appear
to collapse. Experiments show that a drop in the maximum steady-state
vibration amplitude occurs for specific areas in the amplitude-excitation de-
tuning domain, whereas for other areas frequency detuning may yield an
increased maximum steady-state vibration amplitude. Thus frequency de-
tuning is a feature which can purposefully be avoided or utilized, dependent
on the usage e.g. for sensors or energy harvesters. We report experimen-
tally obtained bistable amplified steady-state responses, which also support
theoretical findings.
Keywords: parametric amplification, frequency detuning, nonlinearity
1. Introduction
Parametric amplification (adding parametric excitation to direct excita-
tion for boosting resonant oscillations) may be exploited in mechanical [1, 2],
electrical [3], optical [4], acoustical [5] and thermal [6] systems. It has been
Preprint submitted to Sound and Vibration 2016/04/15
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utilized for e.g. mass and force sensing, signal filtering, timing, switching and
signal processing [7, 8]. Recently parametric amplification was examined in
a macromechanical context [9, 10] as a means for amplifying the output of
resonant macrotransducers. The effect of superthreshold parametric pump-
ing, in which one adds parametric excitation to direct excitation, where the
resulting steady-state vibration amplitude-frequency response is dominated
by the parametric excitation component, and where the parametric insta-
bility threshold is associated with the Arnold tongue, was demonstrated in
[11]. Optimal excitation parameters , i.e. how to maximize the steady-state
vibration amplitude, for a superthreshold parametrically pumped amplifier
were examined in [12]. Effects of cubic nonlinearity on subthreshold paramet-
rically pumped steady-state vibration amplitude and frequency bandwidth
was examined theoretically in [11, 13, 14] and experimentally in [15].
It has been common to distinguish between perfectly tuned (i.e. a strict
two-to-one frequency ratio between the parametric and the direct excitation)
and detuned parametric amplification. In this context detuned parametric
amplification was understood as a frequency ratio between the parametric
and the direct excitation much different than two-to-one [9, 12]. In the per-
fectly tuned case a steady-state vibration amplitude which is dependent on
the excitation phase has been observed, and in the strongly detuned case one
obtains a steady-state vibration amplitude which is independent on the exci-
tation phase. The present work examines effects of frequency detuning close
to the two-to-one ratio between the parametric and the direct excitation fre-
quencies. This is motivated by the fact that due to frequency fluctuations, the
two-to-one ratio between the parametric and the direct excitation, and also
the closeness to resonance, might undergo slight variations during operation.
The two-to-one frequency ratio could also be affected by e.g. uncertainties
with respect to physically adding the parametric excitation component, and
the natural frequency could change due to e.g. wear, damage, or varying
mass loading.
As a mathematical model, a Duffing-Mathieu equation with indepen-
dent frequencies for the parametric and direct excitation is considered. The
steady-state vibration amplitude is predicted approximately using the method
of varying amplitudes (MVA) [16], and compared with results of numerical
direct integration and experimental observations. Compared to the prelimi-
nary work [17] the present paper provides elaborate theoretical predictions,
details about the experimental setup, time-domain results, and additional
results in terms of amplitude-excitation phase and amplitude-frequency re-
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lations.
2. Theoretical predictions
A forced Duffing-Mathieu equation with parametric and direct excitation
frequencies Ωp and Ωd is investigated:
x¨+ βx˙+ ω20
(
1 + p cos (Ωpt)
)
x+ γx3 = d cos (Ωdt+ φ) , (1)
where ˙(x) denotes temporal derivatives, β = 2ω0ζ where ζ is the damping
ratio, ω0 is the linear natural frequency, γ is the nonlinear coefficient, p is
the parametric excitation amplitude, d is the direct excitation amplitude, t
is time, and φ is the phase between the parametric and direct excitation.
2.1. General steady-state model response
The frequencies Ωp and Ωd are typically tuned to be commensurate for
parametric amplifiers, i.e. Ωp/Ωd = 2, which provides a periodic steady-state
response. Frequency detuning by contrast generally yields quasi-periodic
steady-state responses. The MVA [16] is employed to solve (1) for the quasi-
periodic response. First a frequency detuning σpd between the parametric
and the direct excitation is introduced, defined by:
σpd = Ωd − 12Ωp, (2)
quantifying the nearness to exact two-to-one tuning. The MVA assumes a
solution form consisting of a series of harmonics with time-varying amplitudes
Bm1 and Bm2:
x(t) =
n∑
m=1
Bm1(t) cos
(
1
2
mΩpt
)
+Bm2(t) sin
(
1
2
mΩpt
)
, (3)
which by contrast to perturbation methods such as multiple scales or aver-
aging [18] is without restrictions such as slowly varying amplitudes. Also, by
contrast to the method of harmonic balance, where the coefficients Bm1 and
Bm2 would be constants and (3) an approximation, the allowed time depen-
dency of Bm1 and Bm2 means that (3) merely represents a shift of variables,
which is exact for any value of n, even n = 1. The shift from the original
dependent variable x to 2n new variables, Bm1 and Bm2, implies that 2n
equations are needed. This can be accomplished by introducing constraints
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in the form of 2n − 1 additional equations. The constraints are introduced
by substituting (3) into (1), and requiring 2n − 1 groups of terms to equal
zero. Equation 2n includes all the remaining terms including the harmonics
having order higher than n. The 2n− 1 groups of terms are proposed to be
the coefficients of the involved harmonic terms. Considering only the first
harmonic terms in (3), i.e. n = 1, one obtains two equations for the am-
plitudes B1 and B2 (in which the first index has been neglected since of no
importance for n = 1):
B¨1 + βB˙1 + ΩpB˙2 +
1
2
βΩpB2 +
(
ω20
(
1 + 1
2
p
)− 1
4
Ω2p
)
B1
+ 3
4
γ
(
B21 +B
2
2
)
B1 = d cos (σpdt+ φ) , (4)[
B¨2 + βB˙2 − ΩpB˙1 − 12βΩpB1 +
(
ω20
(
1− 1
2
p
)− 1
4
Ω2p
)
B2
+3
4
γ
(
B21 +B
2
2
)
B2 + d sin (σpdt+ φ)
]
sin
(
1
2
Ωpt
)
= − (1
2
pω20 +
1
4
γ
(
B21 − 3B22
))
B1 cos
(
3
2
Ωpt
)
− (1
2
pω20 +
1
4
γ
(
3B21 −B22
))
B2 sin
(
3
2
Ωpt
)
. (5)
Thus (1) is restated through (4)-(5) with B1 and B2 as the dependent vari-
ables instead of x. Approximations are introduced by neglecting higher har-
monics in (5), i.e. all of the right-hand side, giving:
B¨2 + βB˙2 − ΩpB˙1 − 12βΩpB1 +
(
ω20
(
1− 1
2
p
)− 1
4
Ω2p
)
B2
+ 3
4
γ
(
B21 +B
2
2
)
B2 = −d sin (σpdt+ φ) . (6)
This simplification is valid for small values of the nonlinearity term γx3 and
parametric excitation term pω20x, compared to the linear restoring term ω
2
0x.
To solve (4) and (6), a shift of variables from B1 and B2 is performed:
B1(t) = B1s +B1ns(t), B2(t) = B2s +B2ns(t), (7)
where B1s and B2s are constants that satisfy:
1
2
βΩpB2s +B1s
(
ω20
(
1 + 1
2
p
)− 1
4
Ω2p
)
+ 3
4
γB1s
(
B21s +B
2
2s
)
= 0, (8)
1
2
βΩpB1s +B2s
(
ω20
(
1− 1
2
p
)− 1
4
Ω2p
)
+ 3
4
γB2s
(
B21s +B
2
2s
)
= 0. (9)
Substituting (7) into (4) and (6), and considering (8)-(9), one obtains equa-
tions for B1ns and B2ns:
B¨1ns + βB˙1ns + ΩpB˙2ns +
1
2
βΩpB2ns +
(
ω20
(
1 + 1
2
p
)− 1
4
Ω2p
)
B1ns
+ 3
4
γ
((
3B21s +B
2
2s
)
B1ns + 2B1sB2sB2ns
)
= d cos (σpdt+ φ) , (10)
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B¨2ns + βB˙2 + ΩpB˙1ns +
1
2
βΩpB1ns +
(
ω20
(
1− 1
2
p
)− 1
4
Ω2p
)
B2ns
+ 3
4
γ
((
3B22s +B
2
1s
)
B2ns + 2B1sB2sB1ns
)
= d sin (σpdt+ φ) . (11)
To solve (10)-(11) one can employ the MVA once more and search for a
solution in the form:
Bkns = Ck1(t) cosψ + Ck2(t) sinψ, (12)
where ψ = σpdt + φ and k = 1, 2. This gives the following equations for
Ck1 = Ck1(t) and Ck2 = Ck2(t):
γ
[
3
4
(
3B21s +B
2
2s +
3
4
C211 +
3
4
C212 +
3
4
C221 +
1
4
C222
)
C11
+3
2
(
1
4
C12C22 +B1sB2s
)
C21
]
+ ω20
(
1 + 1
2
p
)
C11
+ 1
2
βΩpC21 − 14Ω2pC11 + βC˙11 + ΩpC˙21 + C¨11 = d, (13)
{
γ
[
3
4
(
3B21s +B
2
2s +
3
4
C211 +
3
4
C212 +
1
4
C221 +
3
4
C222
)
C12
+3
2
(
1
4
C11C21 +B1sB2s
)
C22
]
+ ω20
(
1 + 1
2
p
)
C12 +
1
2
βΩpC22
−1
4
Ω2pC12 + βC˙12 + ΩpC˙22 + C¨12
}
sin(σpdt+ φ) = H1, (14)
{
γ
[
3
4
(
B21s + 3B
2
2s +
3
4
C211 +
1
4
C212 +
3
4
C221 +
3
4
C222
)
C21
+3
2
(1
4
C12C22 +B1sB2s)C11
]
+ ω20
(
1− 1
2
p
)
C21 − 12βΩpC11
−1
4
Ω2pC21 + βC˙21 − ΩpC˙11 + C¨21
}
cos(σpdt+ φ) = H2, (15)
γ
[
3
4
(
B21s + 3B
2
2s +
1
4
C211 +
3
4
C212 +
3
4
C221 +
3
4
C222
)
C22
+3
2
(
1
4
C11C21 +B1sB2s
)
C12
]
+ ω20
(
1− 1
2
p
)
C22 − 12βΩpC12
− 1
4
Ω2pC22 + βC˙22 − ΩpC˙12 + C¨22 = −d, (16)
where H1,2 = H1,2(t) denote higher harmonics. Assuming that
|H1,2|  d, (17)
which is valid for small values of the nonlinearity term and parametric ex-
citation term compared to the linear restoring term, eqs. (14)-(15) can be
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approximated by:
γ
[
3
4
(
3B21s +B
2
2s +
3
4
C211 +
3
4
C212 +
1
4
C221 +
3
4
C222
)
C12
+3
2
(
1
4
C11C21 +B1sB2s
)
C22
]
+ ω20
(
1 + 1
2
p
)
C12 +
1
2
βΩpC22
−1
4
Ω2pC12 + βC˙12 + ΩpC˙22 + C¨12 = 0, (18)
γ
[
3
4
(
B21s + 3B
2
2s +
3
4
C211 +
1
4
C212 +
3
4
C221 +
3
4
C222
)
C21
+3
2
(
1
4
C12C22 +B1sB2s
)
C11
]
+ ω20
(
1− 1
2
p
)
C21 − 12βΩpC11
−1
4
Ω2pC21 + βC˙21 − ΩpC˙11 + C¨21 = 0. (19)
Neglecting all time derivatives in (13), (16), (18), and (19), and solving for
the constant amplitudes Ck1 = Ck1s and Ck2 = Ck2s (omitted for brevity),
gives the steady-state approximate solution of (1):
x(t) =
(
B1s + C11s cos
(
σpdt+ φ
)
+ C12s sin (σpdt+ φ)
)
cos
(
1
2
Ωpt
)
+
(
B2s + C21s cos
(
σpdt+ φ
)
+ C22s sin (σpdt+ φ)
)
sin
(
1
2
Ωpt
)
. (20)
2.2. Perfectly tuned superthreshold steady-state response
Fig. 1 depicts superthreshold parametrically pumped steady-state vibra-
tion amplitude as a function of direct excitation detuning (σpd = 0). The
instability threshold associated with superthreshold pumping corresponds to
primary parametric instability of the zero solution of the linearized (1) for the
case of pure parametric excitation. Fig. 1(a) shows that adding superthresh-
old parametric pumping to a directly excited system yields a bistable ampli-
fied steady-state peak. Good agreement between the theoretical predictions
and results of direct numerical integration is noted even for not weak non-
linearity and parametric excitation. A distinct feature, compared to the
subthreshold parametrically pumped case is, that in the resonance frequency
range the steady-state vibration amplitude increases significantly. This fea-
ture might be useful for sensor applications, because the transition from a
small to a large amplitude becomes more pronounced, and it might also be
useful for energy harvesters due to the larger amplitude. Fig. 1(b) shows that
increasing the nonlinear coefficient γ hardens the superthreshold parametri-
cally pumped response, similarly to the case of a subthreshold nonlinear
hardened response. In other words the impact of increasing the nonlinear
coefficient is qualitatively the same for sub- and superthreshold parametric
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Figure 1: Theoretical superthreshold parametrically pumped steady-state vibration am-
plitude as a function of direct excitation detuning using the MVA ( ) alongside results
of direct numerical integration (×) for (a) γ = 0.05 and (b) γ = 0.1. Dashed lines denote
an approximate analytical unstable response. (Ωp/Ωd = 2, β = 0.1, φ = −pi/4, p = 0.35,
d = 0.01, ω0 = 1.)
pumping. The values of parameters and meaning of markers and curves are
given in the caption of Fig. 1 and used in subsequent figures unless stated
otherwise.
2.3. Detuned sub- and superthreshold steady-state response
Fig. 2 depicts the sub- and superthreshold parametrically pumped steady-
state vibration amplitude as a function of parametric excitation detuning
(Ωp − 2ω0 while Ωd = ω0). The inserts show typical time-responses. Beat-
ing is obtained in the detuned case. For Ωp = 2ω0 there is no beating as
illustrated by the single circle without a solid vertical line in Fig. 2(a).
Beating occurs in all results shown in Fig. 2(b) because none of these are
strict Ωp = 2ω0. The nearest result Ωp − 2ω0 ≈ 0.01 and thus with beating.
For subthreshold parametric pumping (Fig. 2(a)) the steady-state vibra-
tion amplitude is maximum slightly away from linear parametric resonance
(Ωp = 2ω0) due to the effect of cubic nonlinearity. This effect is pronounced
in the case of superthreshold parametric pumping (Fig. 2(b)) until a jump
happens. These results show that one can obtain high steady-state vibration
amplitudes even in the nonlinear case with beating.
Fig. 3 shows detuned (σpd 6= 0) superthreshold parametrically pumped
steady-state vibration amplitudes. A frequency ratio Ωp/Ωd = 2.05 and a
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Figure 2: Numerical simulation of nonlinear (a) subthreshold parametrically pumped
p = 0.15 and (b) superthreshold parametrically pumped p = 0.55 steady-state vibra-
tion amplitude as a function of parametric excitation detuning (Ωp− 2ω0 while Ωd = ω0).
Solid vertical lines denote amplitude modulation ranges for beating responses. Circles
denote maximum and minimum values. (γ = 4.)
frequency ratio Ωp/Ωd = 1.95 between the parametric and the direct exci-
tation are used. The somewhat larger deviation between the approximate
analytical solution and results of direct numerical integration around the in-
tersection between the lower solution and the stable peak, can be reduced by
including higher harmonics in the approximation (i.e. n > 1 in (3)), though
omitted here since the calculations become more lengthy with only minor
increase in accuracy. Up to five solution branches coexist at a given fre-
quency. Two of them are duplicates in the steady-state amplitude-frequency
relation except for a difference in excitation phase. That is, with frequency
detuning between the parametric and direct excitation, the branches of the
bistable amplified peak of Fig. 1 appear to collapse into a single curve. This
is contrary to perfect frequency tuning (Fig. 1 and [11, 19, 20]). Jumps are
observed both during a down- and upsweep in Ωd. The upsweep jump is,
for the chosen parameters, considerably smaller than the downsweep jump,
but this might be otherwise for other parameter values. Also, the frequency
separation between the two peaks changes with the frequency detuning σpd
between the parametric and the direct excitation. Compared to the perfectly
tuned case (Fig. 1), an upsweep jump emerges, and both peaks appear to
shift to either the left or right side of linear resonance. Furthermore, slightly
frequency detuned superthreshold parametric pumping can result in a fur-
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ther increase in steady-state vibration amplitude. For a negative nonlinear
coefficient γ the steady-state vibration amplitude bends to the left instead of
to the right, and the peaks of the stable and unstable solutions interchange
stability.
To summarize results of figs. 1 and 3, it is noted that with perfectly
tuned subthreshold parametric pumping, the response qualitatively resem-
bles that of a system subjected to pure direct excitation. The parametric
pumping component merely increases the steady-state vibration amplitude
– mostly around the linear resonance frequency. With perfectly tuned su-
perthreshold parametric pumping a bistable amplified steady-state response
is observed. With detuned (Ωp/Ωd 6= 1) subthreshold parametric pumping
the steady-state response drops in the entire frequency range. With detuned
superthreshold parametric pumping both characteristics of the pure directly
excited system and of the pure parametrically excited system are observed.
Specifically, the zero solution of a pure parametrically excited system is not
present, but the abrupt amplitude-frequency shift, as present for a pure para-
metrically excited system, is observed. The nonzero solution on each side of
the two peaks is due to the direct excitation component, and appears split
into two due to the parametric excitation component. The responses that
are split up becomes more nonlinear for increasing steady-state vibration
amplitude due to the effect of the cubic stiffness nonlinearity. For a pure
parametrically excited system with a hardening nonlinearity (γ > 0), the up-
per left (lower right) amplitude-frequency solution is stable (unstable). This
is similarly the case for detuned superthreshold parametric pumping. It ap-
pears that not only is the parametric excitation component dominant in the
case of perfectly tuned superthreshold parametric pumping, as also noticed
in [11], but its characteristics become even more dominant with frequency
detuning.
Fig. 4 shows the steady-state vibration amplitude, using results obtained
by numerical direct integration of (1), as function of parametric and direct
excitation frequencies for sub- and superthreshold parametric pumping. The
magnitudes of the steady-state vibration amplitudes are given in the color-
bars. They have been normalized with respect to the minimum value which
yields parametric resonance, and not the maximum steady-state vibration
amplitude to improve the scaling of figs. 4 and 5. In the subthreshold para-
metrically pumped case (Fig. 4(a)), the steady-state vibration amplitude is
mostly dependent on the direct excitation frequencies as opposed to the case
of superthreshold parametric pumping (Fig. 4(b)). Interchanging the inner
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Figure 3: Theoretical superthreshold parametrically pumped steady-state vibration ampli-
tude as a function of direct excitation detuning for (a) Ωp/Ωd = 2.05 and (b) Ωp/Ωd = 1.95.
(p = 0.35, γ = 1.)
and outer loop, i.e. parametric and direct excitation frequency increments,
yields identical steady-state vibration amplitudes, even though initial condi-
tions from the previous steady-state solution are used. This is opposed to
the experimental results, which are discussed in Sect. 3.
2.4. Dependency on the excitation phase
Fig. 5 shows perfectly tuned (σpd = 0), sub- and superthreshold para-
metrically pumped steady-state vibration amplitudes as function of excita-
tion phase φ and direct excitation detuning, using results of direct numerical
integration. With Ωd = ω0 figs. 5(a,b) simplify to typical two-dimensional
steady-state vibration amplitude plots with the excitation phase as the de-
pendent variable, confer e.g. [9]. These results are discussed and compared
with experimental results in Sect. 3.
2.5. Summary
The theoretical part shows good agreement between approximate analyt-
ical responses and results of direct numerical integration, both in the per-
fectly tuned and detuned cases, even for stronger nonlinearity and parametric
excitation. The approximate analytical expression (20) provides responses
which can be otherwise challenging to find numerically, and it can provide
expressions for the backbones by zeroing the damping and external forces.
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Figure 4: (a) subthreshold p = 0.04 and (b) superthreshold p = 0.8 parametrically pumped
steady-state vibration amplitude as a function of direct and parametric excitation detuning
using results of direct numerical integration. (γ = 10.)
Increasing the positive cubic nonlinearity makes the superthreshold para-
metric pumping response more hardened, just as in the classical case with
subthreshold parametric pumping. For detuned superthreshold parametric
pumping some of the amplitude-frequency branches appear to collapse, the
frequency separation between the two peaks changes, and jumps are observed
both during a down- and upsweep of the direct excitation frequency.
3. Experimental observations
The mathematical model (1) can model e.g. transverse vibration ampli-
tudes of a cantilever beam. A cantilever beam is used as the model object
where parametric amplification is realized by adding direct and parametric
excitation at the base. The base excitation components for a cantilever beam
being directly and parametrically excited [9], have been simplified in (1) to
focus on qualitative and not quantitative aspects. Experimental vibration
amplitudes refer to the absolute maximum steady-state vibration amplitude,
which is scaled with the cantilever beam length.
3.1. Setup
Fig. 6 shows the experimental setup. A steel cantilever beam with di-
mensions length×width×thickness=80×8.5
×0.2 mm, a fundamental natural frequency of 28.1 Hz, and Young’s modu-
lus of approximately 210 GPa, is fixed at a B&K Measurement Exciter Type
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Figure 5: Numerical simulation of perfectly tuned (a) subthreshold p = 0.04 and (b)
superthreshold p = 0.8 steady-state vibration amplitudes as function of excitation phase
and direct excitation detuning. (γ = 10.)
4808 with an angle between the imposed base-excitation and the axial direc-
tion of the cantilever beam of 75 degrees. The signal to the vibration exciter
is generated by an Agilent 33512B Waveform Generator and amplified by a
B&K Power Amplifier Type 2712. The transverse deflection of the cantilever
beam is measured by an Omron ZX-LD40 Smart Sensor (laser displacement
sensor) at the free end of the cantilever beam, digitally sampled and fil-
tered using a National Instruments USB-6216 data acquisition module, and
imported into National Instruments LabVIEW System Design Software for
data processing. The input signal to the vibration exciter is checked using
accelerometers at the base of the vibration exciter. The damping ratio for
Figure 6: Experimental setup with custom made fixture attached to vibration exciter.
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the cantilever beams lowest mode is about 0.1%, estimated using standard
impulse hammer testing. This is significantly lower than the damping ra-
tio used in the theoretical predictions (10%), which was chosen to reduce
computational time to reach steady-state. Lowering the theoretical damping
ratio to have the same damping ratio in the theoretical and experimental
cases, will alter the response quantitatively, mostly around the resonance
frequency, but not qualitatively, neither in the case of subthreshold nor su-
perthreshold parametric pumping. Thus, having different damping ratios in
the theoretical and experimental cases are of minor importance as for testing
the theoretical findings with regard to main parameter dependencies.
3.2. Sub- and superthreshold parametrically pumped steady-state response
Fig. 7 shows typical superthreshold displacement-time responses. Fig.
7(a) shows the response with perfect frequency tuning whereas Fig. 7(b)
shows the response with frequency detuning. Beating is observed in the
detuned case. Qualitatively similar responses were obtained theoretically
(inserts in Fig. 2).
Fig. 8 depicts the parametric instability threshold as function of para-
metric frequency detuning and parametric excitation amplitude (zero direct
excitation). The parametric instability threshold is shown as the sharp tran-
sition between a lower and higher steady-state vibration amplitude. For ex-
perimental subthreshold parametric excitation, the amplitude is chosen well
below the parametric instability threshold, and for superthreshold paramet-
ric excitation the amplitude is chosen well above the parametric instability
threshold.
Fig. 9 shows a perfectly tuned amplitude-frequency response, obtained
with a frequency up- and downsweep. A classical hardening (i.e. right bend)
nonlinear resonance peak is observed. Notice the lower stable solutions on
the peak; they appear to resemble the lower stable theoretical solutions on
the peak in Fig. 1 (insert). The upper stable solutions on the peak might be
obtained with a frequency upsweep with smaller increments. This is left for
future studies. To the authors knowledge these experimental bistable am-
plified steady-state responses are the first reported in the literature. In the
subsequent frequency experiments, both up- and downsweeps are conducted
for the parametric and direct excitation frequencies. The direct excitation
frequency is incremented in an inner sweep, and the parametric excitation
frequency in an outer sweep, unless otherwise stated.
Fig. 10 depicts experimental sub- (left) and superthreshold (right) para-
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Figure 7: Experimental superthreshold displacement-time responses for (a) Ωp/Ωd = 2
and (b) Ωp/Ωd = 2.05. Inserts are blow ups.
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Figure 8: Experimental parametric instability threshold for the cantilever beam.
metrically pumped steady-state vibration amplitudes as function of paramet-
ric and direct excitation frequencies. Fig. 10(a) shows results for variation
in direct and subthreshold parametric pumping. The maximum steady-state
vibration amplitude is mostly sensitive to variation in direct excitation fre-
quency. A notch is observed (the area entangled by dashed lines). For some
detuning ranges, specifically within the notches, the lower solution below
the peak seems to be preferred. These solutions are not results of instanta-
neous jumps, but results of beating, causing time intervals where the beam
oscillates with a very small deflection around its equilibrium position, i.e.
where an approximate zero amplitude is realized, and where the amplitude
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Figure 9: Experimental bistable amplified amplitude-frequency response. Insert is Fig.
1(a).
subsequently stays at approximately zero. The maximum steady-state vibra-
tion amplitude is, in the perfectly tuned case, located along the black solid
line (Ωp ≈ 2Ωd). Fig. 10(b) shows results for variation in direct and su-
perthreshold parametric pumping. An approximate two-to-one ratio between
the parametric and the direct excitation frequency is denoted by the lower
right black solid line. The amplitude-frequency relation corresponding to this
line resembles results of Fig. 9, which is qualitative similar to the theoretical
predictions (Fig. 1). Another notch appears as compared to the case with
subthreshold parametric pumping. In these areas three stable solutions exist;
an upper and a lower solution on the peak, and a lower solution below the
peak. As discussed with Fig. 9, it seems that the lower solution on the peak
is easier to obtain than the corresponding upper solution on the peak. The
areas of these notches are considerably larger with superthreshold parametric
pumping than with subthreshold pumping (compare figs. 10(a,b)). Within
the areas of the notches related to superthreshold parametric pumping, one
is capable of reaching the lower stable solution of the peak, as denoted by the
few nonzero experimental results left of the markers I, II, and III, creating
what could resemble three different horizontal lines. These results are simi-
lar to the lower stable response within the red square shown in Fig. 9. The
frequency range with a steady-state vibration amplitudes a ≥ 0.2 increases
in the case of superthreshold parametric pumping, but the emergence of an
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Figure 10: Experimental (a) sub- and (b) superthreshold parametrically pumped steady-
state vibration amplitudes as function of parametric and direct excitation frequencies,
using a downsweep with Ω˜d fixed while Ω˜p is varied (a,b) and vice versa (c,d).
extra notch means that there exist one additional parameter subspace within
which a smaller steady-state vibration amplitude (either the lower stable so-
lution on the peak or the lower solution below the peak) is obtained. A
suggested strategy to look for these theoretical predictions experimentally,
is to provoke a jump from the lower to the upper stable solution branch of
the peak through a slowly increasing steady-state vibration amplitude, i.e.
by increasing p gradually, at a fixed frequency ratio and at a fixed closeness
to resonance. This could happen when the attraction to the upper stable
solution on the peak becomes stronger than the attraction towards the lower
stable solution on the peak. The frequency range for which this is suggested,
is as close to the lower fold point as possible, since the distance between the
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peaks upper and lower stable solution is largest here. One can also change
this distance via the excitation phase. The theoretical predictions presented
in Fig. 3 depict two special cases of the superthreshold parametric pumping
experimental observations presented in Fig. 10. That is, figs. 3(a,b) are
simplified representations of Fig. 10(b), namely for specific frequency ratios.
One of these, the frequency ratio Ωp/Ωd = 1.95, corresponds to the upper
straight black line. Good agreement is noted: jumps and the overall qual-
itative behaviour appears similar, and the change in frequency separation
between the two peaks as predicted theoretically (Fig. 3), is also observed
experimentally. Figs. 10(c,d) show that interchanging the order of parameter
variation, i.e. fixing the parametric while varying the direct excitation fre-
quency, results in an amplitude jump (red line in Fig. 10(d)) approximately
at the lower left points of the notches in the initial results (Fig. 10(b)).
The amplitude jump is related to parametric resonance, but the system is
also subjected to direct excitation, which in the present case decreases the
amplitude (the experimentally obtained steady-state vibration amplitude is
normalized with respect to pure parametric resonance, which yields a higher
steady-state amplitude in this study). Within the notch subspace, one is
able to perturb the beam such that the lower solution of the peak is reached,
but as in the case with fixed parametric excitation and varying direct excita-
tion, the lower solution below the peak seems preferred (Fig. 9). This means
that with frequency fluctuations at near-resonant oscillations, one can expect
severe performance degradation for e.g. energy harvesters and sensors. In
particular, one should account for performance degradation when an addi-
tional notch appears and small response amplitudes are obtained. Outside
the frequency region of the notches detuning of either the direct or paramet-
ric excitation frequency has a relatively small influence on the response.
In summary, frequency detuning can result in both decreased and in-
creased steady-state vibration amplitudes, making it an effect which should
either be avoided or utilized dependent on the applications.
3.3. Perfectly tuned dependency on the excitation phase
Fig. 11 depicts sub- and superthreshold parametrically pumped steady-
state vibration amplitudes as function of excitation phase and direct excita-
tion frequencies. A comparison with Fig. 5(b) shows that there appears to
be a pi/2 excitation phase lag between the theoretically and experimentally
obtained (minimum and maximum) results. This offset is of no importance
to the qualitative discussions. Fig. 11(a) shows the subthreshold parametri-
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cally pumped case. Typical jumps occur due to hardening, and a steady-state
vibration amplitude which is somewhat dependent on the excitation phase,
is observed around resonance. The latter has also been shown in e.g. [9, 10].
This dependency on the excitation phase diminishes with detuning from res-
onance. Fig. 11(b) shows that with superthreshold parametric pumping, a
response with less dependency on the excitation phase is observed, and that
the amplitude-excitation phase relationship becomes increasing asymmetric
for larger amplitudes (compare the black dotted lines in figs. 11(a,b)). The
steady-state vibration amplitudes are in general larger, and the jumps hap-
pen at larger direct excitation frequencies. Thus, the location of the jump
between a higher and lower solution shifts as function of the nonlinearity.
3.4. Summary
Experiments show that a drop in steady-state vibration amplitude occurs
for specific areas in the amplitude-excitation detuning domain indicating per-
formance degradation, whereas for other parts of the amplitude-excitation
detuning domain an increased steady-state vibration amplitude can be ob-
tained. The identified notches are not results of jumps but because beating
causes moments where where an approximate zero amplitude is realized, and
where the amplitude subsequently stays at approximately zero. With su-
perthreshold parametric pumping the dependency on the excitation detun-
ing becomes less, as compared to subthreshold parametric pumping. Also,
the steady-state vibration amplitudes are in general larger, and the jumps
happen at larger direct excitation frequencies.
4. Conclusions
Frequency detuning effects between direct and parametric excitation fre-
quencies for a parametric amplifier are investigated. The studies are con-
ducted theoretically using a Duffing-Mathieu equation as the model system,
and experimentally using a macro cantilever beam as the model object. The
approximate analytical steady-state vibration amplitudes are derived using
the method of varying amplitudes, and compared with results of direct nu-
merical integration showing good agreement both in the perfectly tuned and
detuned case. For detuned superthreshold parametric pumping some of the
theoretical amplitude-frequency curves appear to collapse, causing fewer po-
tential jumps during operation. Qualitative agreement are in general ob-
tained between the theoretical predictions and experimental observations.
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Figure 11: Experimental perfectly tuned (a) sub- and (b) superthreshold parametrically
pumped steady-state vibration amplitudes as function of excitation phase and direct ex-
citation frequency.
Experiments show that a drop in steady-state vibration amplitude occurs for
specific areas in the amplitude-excitation detuning domain indicating per-
formance degradation, whereas for other parts of the amplitude-excitation
detuning domain an increased steady-state vibration amplitude can be ob-
tained. This makes frequency detuning a feature which can purposefully be
avoided or utilized, dependent on the application, e.g. sensors and energy
harvesters. Experimental bistable amplified steady-state responses are also
demonstrated.
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